i-H 



KUL-TF-92/7 

THU-92/19 

hep-th/92l006g| 



CN ■ Symmetry structure of special geometries 

0\ ' 



B. de Wit^ 

Institute for Theoretical Physics, University of Utrecht 
Q I Princetonplein 5, 3508 TA Utrecht, The Netherlands 

^^ I F. Vanderseypen^ and A. Van Proeyen'^ 

Instituut voor theoretische fysica 
Universiteit Leuven, B-3001 Leuven, Belgium 

00 

\o 
o 
o 

(N 



Oh' abstract 

Using techniques from supergravity and dimensional reduction, we study the 
full isometry algebra of Kahler and quaternionic manifolds with special ge- 
rS I ometry. These two varieties are related by the so-called c map, which can be 

d I understood from dimensional reduction of supergravity theories or by chang- 

ing chirality assignments in the underlying superstring theory. An important 
subclass, studied in detail, consists of the spaces that follow from real special 
spaces using the so-called r map. We generally clarify the presence of 'extra' 
symmetries emerging from dimensional reduction and give the conditions for 
the existence of 'hidden' symmetries. These symmetries play a major role in 
our analysis. We specify the structure of the homogeneous special manifolds 
as coset spaces G/H. These include all homogeneous quaternionic spaces. 
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1 Introduction 

Supersymmetry is an important ingredient in many of the theories that attempt to unify 
the fundamental forces between elementary particles. At energies that are low compared 
to the Planck scale, the relevant effective theories are expected to take the form of super- 
gravity coupled to matter. Superstrings, which at present provide the best candidate for 
a completely unified theory, allow for a huge number of classical vacua. The ones that 
are considered phenomenologically viable are compactifications of the heterotic string 
on Calabi-Yau manifolds (or on the possibly more general class of (2, 2) superconformal 
theories with c = 9) and lead to four- dimensional theories with A^ = 1 space-time su- 
persymmetry [0]. For such compactifications N = 2 supergravity is relevant, as these 
superconformal theories can also be used in order to compactify type-II strings; there- 
fore many features of these compactifications can be understood on the basis of A^ = 2 
space-time supersymmetry, irrespective of the fact that this symmetry is not realized for 
the full effective low-energy theory corresponding to the heterotic string P, ^ §]. In 
this context the coupling of vector multiplets to A^ = 2 supergravity is particularly im- 
portant. Like in many supergravity theories the spinless matter fields in these theories 
parametrize a non-linear sigma model. In this case these sigma models define Kahler 
manifolds whose structure is encoded in a single holomorphic and homogeneous function 
1^. The underlying geometry of such manifolds is called special |^, 0. When the effective 
supergravity theory that emerges from superstring compactifications has spinless fields 
whose potential is flat, their unconstrained vacuum-expectation values parametrize pos- 
sible superstring ground states. Therefore the moduli space of (2, 2) superconformal field 
theories with c = 9 (and likewise the moduli spaces of Calabi-Yau three-folds) exhibits 
special geometry, and this plays an important role in the study of these manifolds and 
intriguing phenomena such as mirror manifolds and generalized target-space duality (see, 
for instance, 0, H, ^ |10| and references therein). 

Special geometry is not confined to Kahler spaces. In A^ = 2 supergravity one can 
also have scalar supermultiplets, consisting of spin-0 and spin-| fields. In this case the 



spinless fields lead to quaternionic non-linear sigma models |11|. There is a subclass of 
such models whose structure is again encoded in a single holomorphic and homogeneous 
function. These spaces emerge also in (2, 2) compactifications of type-II superstrings and 
are called special quaternionic spaces. In this way both a special Kahler and a special 
quaternionic manifold are assigned to the same function. When comparing the compact- 
ification of the type-IIA superstring to the compactification on the same superconformal 
system of the type-IIB superstring, one discovers that the functions characterizing the 
Kahler and the quaternionic space are interchanged |@]. Hence there is a mapping, the 
so-called c map, that is induced by changing the superstring from type IIA to IIB, and 
vice versa 0. Within the context of supergravity alone, it turns out that the c map 
is induced by dimensional reduction of d = 4 supergravity coupled to vector multiplets. 
The resulting d = 3 supergravity theory couples only to quaternionic non-linear sigma 
models. Supersymmetry, which is preserved by dimensional reduction, thus ensures that 
every special Kahler space is mapped to a quaternionic space. Note, however, that there 
exist quaternionic spaces that couple to A^ = 2 supergravity, but are not special, i.e., they 
are not in the image of the c map. 

In this paper we study the isometry structure of manifolds with special geometry. 



Because of supersymmetry, the isoinetry transformations usually define invariances of the 
full supergravity theories, provided they are suitably extended to act on vector and spinor 
fields. In d = 4 dimensions such transformations often take the form of generalized du- 



ality invariances, which leave the field equations, but not the Lagrangian, invariant |T2 
It turns out to be convenient to introduce also a real version of special manifolds, corre- 
sponding to the non-linear sigma models that one obtains in d = 5 space-time dimensions 
when coupling N = 2 supergravity to vector multiplets [|l^]. Upon reduction to d = 4 
space-time dimensions, these theories give rise to special Kahler manifolds, so that one can 
again consider a mapping, but now from the special real to the special Kahler manifolds. 
This leads to the definition of the r map. Not all special Kahler manifolds are contained 
in the image of the r map. (Following |T^ we sometimes call the special real spaces and 



their Kahler and quaternionic counterparts, 'very special' spaces.) We thus encounter the 
following relation between the real, Kahler and quaternionic special spaces, 

lR„_i — > €n , (D„ — > lH„+i , (1.1) 

where n — l,n and n + 1 denote the real, complex and quaternionic dimension of the real, 
Kahler and quaternionic spaces, respectively. The special Kahler spaces in the image of 
the r map were already studied in []T3|, because they allow supergravity couplings with 



fiat potentials, and are determined by a symmetric three- index tensor dABC- Under mild 
assumptions one can show that the corresponding couplings of vector multiplets arise from 
compactifications of type-IIA superstring theories. Furthermore nearly all homogeneous 
special Kahler and quaternionic spaces are in this subclass [|T6|, 0. For a preliminary 
account of our results, see 



The fact that the r and the c map are induced by dimensional reduction has intriguing 
implications for the isometry structure of the special geometries that are in the image 
of (one of) these maps. First of all, the dimension of the non-linear sigma models is 
increased by spinless fields that originate from the higher-dimensional tensor and vector 
fields. Secondly, part of the gauge and general-coordinate transformations pertaining to 
the extra space-time coordinate(s) remain as symmetries after reduction and lead to an 
enlargement of the isometry group of the non-linear sigma model. An extra feature is 
present in the dimensional reduction to three dimensions, where abelian vector fields are 
converted into scalars, which are subject to again extra symmetries. A more detailed 
analysis shows that, upon application of the map, the rank of the space is increased 
by precisely one unit and the roots associated to the extra isometrics are confined to 
a particular half-space of the root lattice corresponding to the full algebra of isometry 
transformations. In addition there may exist so-called hidden symmetries, whose existence 
cannot be inferred directly from the higher-dimensional origin of the theory (note that we 
deviate here from the terminology used in the supergravity literature, where both "extra" 
and "hidden" symmetries are called hidden). The roots corresponding to these hidden 
symmetries also take characteristic positions in the root lattice. We already presented an 
analysis of the isometry structure of the special quaternionic manifolds in [^ ; the results 



for the special Kahler spaces in the image of the r map follow from the analysis presented 
I5[] . Some characteristic features of the extra symmetries were independently noted in 
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The possible existence of the hidden symmetries is analyzed in detail, first for the 
generic special quaternionic spaces, and subsequently for the Kahler and quaternionic 



spaces that are in the image of the r map and the Cor map. The homogeneous spaces play 
a special role, because under certain conditions the homogeneity of the space is preserved 
by the r and the c map. For homogeneous spaces the isometrics act transitively on the 
manifold so that every two points are related by an element of the isometry group. The 
orbit swept out by the action of the isometry group G from any given point is (locally) 
isomorphic to the coset space G/H, where H is the isotropy group of that point. For non- 
compact homogeneous spaces where H is the maximal compact subgroup of G, there exists 
a solvable subgroup that acts transitively, whose dimension is equal to the dimension of 
the space. Such spaces are called normal. Some time ago a general classification of normal 
quaternionic spacesQ, i.e. quaternionic spaces that admit a solvable transitive group of 
isometrics, was given pl| . 

All the normal quaternionic spaces, with the exception of the quaternionic projective 



spaces, are in the image of the c map, as was demonstrated explicitly in [T^. In [T^ two 
of us gave a classification of the homogeneous Kahler and quaternionic spaces that are 
in the image of the Cor map, containing the above spaces as well as certain homogeneous 



quaternionic and Kahler spaces that were overlooked in the classification of ||2T|. This class 



of spaces is characterized by realizations of real Clifford algebras with positive-definite 
metric. For every (not necessarily irreducible) realization of a real Clifford algebra with 
positive signature and arbitrary dimension, denoted by g + 1 (so that q > —1), there 
exists an homogeneous real, an homogeneous special Kahler, and an homogeneous special 
quaternionic manifold. 

Alekseevskii presented the solvable subalgebra of the quaternionic isometry groups, 
which completely determines the homogeneous spaces. The solvable algebra does not 
contain the hidden symmetries discussed above, but when the space is symmetric, the 
hidden symmetries complete the solvable algebra to a simple algebra. In this paper we 
determine the hidden symmetries for the homogeneous spaces. In this way we are able to 
determine the isometry group G (which is not semisimple for the non-symmetric spaces) 
and its compact isotropy subgroup H for all the homogeneous quaternionic spaces and the 
homogeneous Kahler spaces in the image of the r map. For the real special spaces we have 
similar results, but they are somewhat less general as our methods restrict us to isometrics 
that are symmetries of the full d = 5 supergravity theory containing a non-linear sigma 
model with the real special space as its target space. For the non-symmetric spaces, 
the Cartan subalgebra of the isometry group G contains one generator with respect to 
which all the generators have eigenvalues equal to 0, 1 or 2. Apart from this generator, 
the generators with eigenvalue define a semisimple group, whose maximal compact 
subgroup is equal to the isotropy group H. This semisimple group is O ® Sg, where O 
equals 50(^-1-1, 1), 5*0(^ + 2, 2) or 5*0(^ + 3, 3) for the real, Kahler, and quaternionic case, 
respectively, and Sq is the (compact) metric-preserving group of transformations in the 
spinor space that commute with the Clifford algebra. Furthermore the generators with 
eigenvalue 1 form a {spinor, vector) real representation with respect to O ^Sg. There are 
no generators with eigenvalue 2 in the real case. For the Kahler case there is just one such 
generator, while for the quaternionic case these generators constitute a {vector, singlet) 
representation. 

This paper is organized as follows. In section 2 we introduce Kahler, real and quater- 



^According to a conjecture ||2J the homogeneous quaternionic spaces consist of the normal and the 
compact symmetric ones. 



nionic special geometry and give the corresponding supergravity Lagrangians with par- 
ticular attention to the isometry structure of manifolds that are related by the r or the 
c map. We formulate the conditions for the presence of the hidden symmetries and de- 
scribe the characteristic root-lattice decompositions that emerge upon application of one 
of these maps. Section |^ describes the main features and some of their consequences of the 
isometry algebra of the generic Kahler and quaternionic special manifolds. Furthermore 
we analyze under which conditions the c map (or the r map) preserves the homogeneity 
of the manifolds. In section ^ we study the special real manifolds and their corresponding 
Kahler and quaternionic spaces and exhibit their symmetry structure. Section ^ contains 
a discussion of the subclass of these spaces that are homogeneous, deriving the group of 
isometrics and isotropics, described in the previous paragraph. 

Some of the more technical details have been relegated to appendices. In appendix 
A we discuss some features related to the role played by solvable algebras in the theory 
of non-compact homogeneous spaces. Appendix B contains some useful formulae related 
to special Kahler spaces. In appendix |C| we explain the symplectic reparametrizations of 
special Kahler manifolds, which encompass the so-called generalized duality invariances, 
and give the transformation rules of the scalar, spinor and vector fields. 

2 Preliminaries 

In this section we introduce the special geometries that appear in non-linear sigma models 
coupled to A^ = 2 supergravity. We give the relevant supergravity Lagrangians, which, 
via dimensional reduction, give rise to or originate from N = 2 supergravity coupled to n 
vector supermultiplets in c? = 4 space-time dimensions. As explained in the introduction, 
dimensional reduction induces the c and r maps that relate the various types of special 
geometries associated with the non-linear sigma models of the supergravity theories. We 
start by summarizing the situation for the four- dimensional theory, at least as far as the 
bosonic part of its Lagrangian is concerned. The corresponding non-linear sigma models 
define the special Kahler manifolds. Then we discuss how a sub-class of the d = 4 theories 
originate from supergravity in d = 5 dimensions, whose non-linear sigma models are based 
on special real manifolds. Subsequently we give the relation with supergravity in d = 3 
dimensions, which lead to the special quaternionic manifolds. Throughout this section we 
try to exhibit the relation between the various non-linear sigma models with particular 
emphasis on the structure of their isometry groups. 

2.1 Special Kahler manifolds 

The coupling of n vector multiplets to A^ = 2 supergravity in d = 4 dimensions is encoded 
in a single holomorphic function F{X), which is homogeneous of second degree in terms 
of the n + 1 variables X^ labeled by indices J = 0, 1, . . . , n. Therefore it satisfies identities 
such as F = |F/X^, F/ = FjjX'^ , X^Fjjk = 0, where the subscripts I, J, . . . denote 
differentiation with respect to X^ , X'^ , etc. The bosonic Lagrangian reads P, ^ 



i£ = -^R+{XNX)-^MIJ^^X^^^'X^ 



+ i{A/'i 



J J F;J F+^'^J + Ml J F-J F-'^^n , (2.1) 



where R is the Ricci scalar, Fj^J are the (anti) self dual components of the n + 1 field 
strengths and the tensors Njj, M-ij and Mij are defined by 

Nij = ^[Fjj + Fij), 

(NX) J (NX) J 



Mij- = Nij- 



XNX 



■^" - l^^^ XNX ■ ^^-^^ 

Here we used an obvious notation where {NX)i = NjjX'^ , XNX = X^NjjX'^ , etc.. 

The Lagrangian (|2.1|) contains n + 1 vector fields, with one of them (the so-called 
graviphoton) belonging to the N = 2 supergravity multiplet. However, it depends on 
only n scalar fields, because Aijj has a null vector proportional to X^ and X'^, as one 
easily verifies, while the tensors A^/j, A/}j and Njj depend only on ratios of the fields by 
virtue of the homogeneity of the function F{X). Therefore it is convenient to introduce n 
independent fields through the ratios z^ = X^/X^ (^ = 1, . . . , "",). These coordinates are 
sometimes called special coordinates [^ |2^. Including z^ = 1 we can straightforwardly 
replace all fields X^ in the above equations by z^ . 

The Lagrangian of these n scalar fields z^ takes the form of a non-linear sigma model 
corresponding to a Kahler manifold. Its Kahler potential is 

K{z,z) = \nY{z,z)=\nNjjz^z^, (2.3) 

so that the sigma model metric is given by 

^^^ - dz^ dzB ~ '^m ' ^^-^^ 



where zNz = z' Njjz"^ . The curvature tensor corresponding to this metric equals^] 

1 

(zNz) 



R%c^ = -25f^ 5-) - — — Qbce Q^^^, (2.5) 



where 

QuK ^ iX" FjjK, Q^^^ = g^^g^^g^'^QDEF. (2.6) 

The scalar fields z^ are constrained to a domain defined by the requirement that the 
kinetic terms be positive. This is the case when Y{z, z) is positive and M.ab is negative 



definite (as shown in [15| this ensures that the matrix Mij+Mij is negative definite). The 
special Kahler manifolds are thus fully specified in terms of a homogeneous holomorphic 
functions of second degree. One may also describe special geometry on the basis of (|2.5|) 
in a coordinate- independent way p, |23[ . 

It is known that terms in F{X) that are quadratic polynomials in X with imaginary 
coefficients, do not contribute to the action. In addition, it is possible that two different 
functions F{X) and F{X), where the new fields X^ can be expressed in terms of the 
old ones, give rise to the same theory in the sense that their equations of motion are 
equivalent [Q (at least for abelian vector fields). The reparametrizations that relate 

^For the precise definitions of tlie Kafiler curvature and connections, see tlie beginning of section 4. 



X and X are called symplectic, because the (2n + 2)-coniponent vectors {X^ , —-^iFj) 
and {X^ ,—^iFi) are related by constant Sp{2n + 2, IR) matrices O. Here Fj is the 
derivative with respect to X^ of the new function F{X), which can be determined from 
the symplectic matrix and the original function F{X). The symplectic reparametrizations 
are discussed in more detail in appendix |C[ There we will also exhibit how the other fields 
of the vector supermultiplets transform under the symplectic reparametrizations.^ 

When the function F{X) does not change under a symplectic reparametrization, i.e., 
when 

F{X) = Fix) , (2.7) 

then one has a so-called duality invariance, which gives rise to an isometry of the non- 
linear sigma model. For infinitesimal transformations, where the Sp{2n + 2, IR) matrix is 
parametrized by 

( B -D \ 
0-^^[^ _^.], (2.8) 

with B^ J, Cjj and D^'^ real constant (n + 1) x (n + 1) matrices and C and D symmetric, 
the consistency of the symplectic transformation and the identification (|2.7|) requires the 
condition [^ 

iCij X^X^ - B\j FjX-^ - iiD" FjFj = . (2.9) 

For the scalar sector this produces invariances of the action under 

6X^ = B^j X-^ + \iD^-^ Fj . (2.10) 

Observe that (|2.7| ) does not imply that the function F{X) is invariant under ( |2.1CI|) ; instead 
one finds 

6F{X) = F{X) - F{X) = I (Cij X'X' + \D'' FjFj) . (2.11) 

For further details of these transformations we refer to appendix y. Finally, we should 
stress, that one cannot exclude the possibility that the sigma model possesses more isome- 
tries than just those corresponding to the above duality transformations; these additional 
isometrics would then be broken by the interaction with the vector fields. 

This completes our introduction to special Kahler manifolds characterized by homo- 
geneous holomorphic functions F{X\ modulo quadratic polynomials with imaginary co- 
efficients and Sp{2n + 2, IR) reparametrizations. Let us now briefly discuss the class of 
theories corresponding to the functions 

x^x^x'-' 

F{X) = zdABC Yo ' ^^-^^^ 

with dABC a symmetric real tensor. As we shall discuss shortly, these theories follow 
from five-dimensional supergravity by dimensional reduction, so that the sigma models 
corresponding to ( p.l2|) constitute the image of the r map. Supergravity theories based 



on these functions can lead to fiat potentials, as was shown in |I3|. Furthermore they 
appear in the low-energy sector of certain superstring compactifications on (2,2) supercon- 
formal theories § and exhibit Peccei-Quinn-like symmetries as is appropriate for certain 



■^For Calabi-Yau manifolds these symplectic transformations are naturally induced on the periods by 
changes in the corresponding cohomology basis (see, e.g. 0, ||). 



(classical) superstring compactifications. There are arguments indicating that this class 
of functions comprises all the homogeneous Kahler spaces that can be coupled to iV = 2 
supergravity |T^, |T^. 

The functions (|2.12|) lead to the following Kahler metric, which depends only on the 



imaginary parts of the coordinates z"^ 

_ _ Mab _ Q {dx)AB g {dxx)A {dxx)B .2 13) 

zNz (dxxx) (dxxx)'^ 

where x^ = i{z^ — z"^), {dx)AB = c^abc^;*^, {dxx)A = dABC^^^'^ and (dxxx) = 
dABC^^x^x'^ ■ Furthermore we have 

QABC = hdABC- (2.14) 



The curvature corresponding to (|2.13|) follows from 

i? V = -25fs 5g + |C^^^ dBCE , (2.15) 

where C^^'" is defined by 

C^BC ^ _9^ (^]v^)-2 QABC ^ -27g^^g^^g(^^dDEF{dxxx)-\ (2.16) 



The theory based on ( p.l2| ) is always invariant under duality invariances. Imposing 



the condition (|2.9|) we find the following form for the matrices -B j, C/j and D^'^ (the first 
row and column refer to the / = component) [115] 



^'"(&^ Bj,ly5i)^ ^^^-(o UABch^)' ^"-(o D^^)- (2-17) 

The isometrics associated with the parameters (3 and h^ are always present; those de- 
pending on B^^ correspond to the symmetries of dABCi i-e., 

^f^^BC)D = 0. (2.18) 

One can prove that the matrix D^^ is proportional to the parameters a^i, 

D^s = -|C^^f^ac, (2.19) 

while these parameters are subject to the condition 

(^gE%cd = ^. (2.20) 

with the tensor E'^^(jj^ defined by 

EaBCD — ^ dE(ABdcD)F — ^(AdBCD) ■ (2.21) 

Obviously the matrix D^^ and the parameters a"^ must be constant, so that C^^'~' ac (and 
therefore R'^bc^cld) is constant. In section 4^ we will show that ( 2.20 ) is a necessary and 
sufficient condition for this to be the case. 



In terms of the special coordinates the above isonietries imply the following transfor- 
mation 



5z' 



(5z^ + BJ,z'' + UR^bc"" an) z^'z^. 



(2.22) 



Clearly the transformations characterized by Bj^ and (3 form two commuting subgroups 
of the full group of duality transformations. The root lattice of the algebra corresponding 
to all duality transformations consists of the root lattice of the generators corresponding 
to B"^ extended with one dimension associated with the eigenvalues of the roots under the 
/3-symmetry. This leads to a characteristic lattice such as shown in Fig. |l] for an n = 3 
special Kahler space based on the function F{X) = 3i {X^/X°) {X^X^ - (X^f). The 
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Figure 1: Root lattice corresponding to the isometrics of an n = 3 special Kahler manifold 
discussed in the text. 

subgroup associated with the matrices B^ has two independent parameters denoted by 
Ui and 072. Their roots correspond to the solvable algebra of SU{1, 1), which is extended 
to a six- dimensional solvable algebra by the roots associated with the parameters /3, b^, b"^ 
and 6^. In this case there is one hidden symmetry associated with the parameter 02 and 
indicated in the diagram by o. For higher rank one obtains a similar lattice by projecting 
on a suitably chosen plane. This particular example is discussed in fl^ and is the simplest 
case of the homogeneous non-symmetric spaces discussed in section ^ (it will be denoted 
byL(-l,l)). 



2.2 Special real manifolds 



The theories corresponding to the functions ( p.l2| ) can be obtained by dimensional re- 
duction from Maxwell-Einstein supergravity theories in d = 5 space-time dimensions |l3l . 
This theory contains n — 1 real scalar fields and n vector fields (one of them corresponding 
to the graviphoton) . The Lagrangian corresponding to these fields reads 



-'£ 



-\R 



idABch''d^h"d^h'- 

+\ (6(rf h)AB - 9(d hh)A (d hh)B) F^M) F^^'^^A) 






(2.23) 



where A'^ and F^(y4) denote the gauge fields and their corresponding abehan field 
strengths and the scalar fields h^ are subject to the condition 



dABch^h^'h^ = 1. (2.24) 



The scalar fields must again be restricted to a domain so that all kinetic terms in (|2.23|) 
have the required signature. 



After dimensional reduction, the Lagrangian ( |2.23| ) becomes equal to ( |2.1| ); the imag- 
inary part of the four- dimensional scalar fields z^ originate from the components of the 
gauge fields A^ in the fifth dimension, while their real part corresponds to the n — 1 
independent fields h^ and the component g^^ of the metric. The n + 1 gauge fields in 
four dimensions are related to the n gauge fields in five dimensions and the off-diagonal 
components (7^5 of the metric in five dimensions. 

The Lagrangian ( p. 25 ) is manifestly invariant under linear transformations of the fields 



Bj,h^, A^^^BiAl (2.25) 



provided that the matrices B leave the tensor dABC invariant (cf. |2.18| ). After reduction 



to four space-time dimensions a number of extra symmetries emerges, which find their 
origin in the five- dimensional theory. First of all, the extra vector field emerging from the 
five-dimensional metric has a corresponding gauge invariance related to reparametriza- 
tions of the extra fifth coordinate by functions that depend only on the four space-time 
coordinates. Then there are special gauge transformations of the n vector fields with 
gauge functions that depend exclusively and linearly on the fifth coordinate. Under these 
transformations the fifth component of each of the gauge fields transforms with a con- 
stant translation, whereas the remaining four- dimensional gauge fields transform linearly 
into the gauge field originating from the five-dimensional metric (this last transformation 
arises because of certain field redefinitions that must be performed on the vector fields 
for reasons of d = 4 general covariance). As only the field equations are gauge invariant 
(the Lagrangian is not gauge invariant in view of the last term in ( |2.23| )), it comes as 
no surprise that these invariances will manifest themselves as duality invariances of the 
four-dimensional field equations corresponding to the Lagrangian ( ^.1| ). Indeed, these 
transformations are the ones associated with the parameters b^. 

The same phenomenon takes place for scale transformations of the fifth coordinate, 
which do not leave the Lagrangian invariant either. In the four- dimensional reduction 
these transformations correspond to the duality invariances associated with the parame- 
ter (3. However, this relationship is somewhat less direct, as it has to be defined such that 
the properly defined four- dimensional metric remains invariant under this transformation. 
The latter may not be so obvious in view of the standard Weyl rescaling that is required 
in order to obtain the standard Einstein-Hilbert action after dimensional reduction. We 
should emphasize that none of the extra symmetries emerging from the dimensional reduc- 
tion act on the original five- dimensional scalar fields. Of course, one may have performed 
field redefinitions after the reduction that obscure this fact. 

What remains are the possible extra duality invariances of the four-dimensional theory 
that are proportional to the parameters a a- These transformations have no obvious five- 
dimensional origin and their presence depends entirely on the non-trivial restriction ( p.20| ). 
We shall denote such symmetries as hidden symmetries, to distinguish them from those 

9 



whose existence can be inferred on more general grounds, as explained above. However, 
the roots corresponding to these extra symmetries are all located on the left half-plane in 
Fig. 0. To be more precise, we can decompose the symmetry algebra W corresponding 
to all the roots into eigenspaces of the generators associated with the (3 symmetry. We 
then find the following decomposition 

W = >V_2/3 + Wo + W2/3, (2.26) 

where the subscript denotes the eigenvalue with respect to the (3 symmetry. As it turns 
out. Wo denotes the subalgebra associated with the parameters Bj^ and /3. W'2/3 contains 
the generators corresponding to the parameters b^ and all possible generators correspond- 
ing to the hidden symmetries with parameters a a belong to W-2/3- Observe that the 
dimension of W_2/3 is at most equal to n, whereas the dimension of W2/3 is always equal 
to n. Unless we have maximal symmetry (i.e., unless there are n independent symmetries 
associated with the parameters a a) the isometry group of the corresponding Kahler space 
is not semisimple. The maximal number of isometrics exists when the curvature and 
the tensor C^^'~^ are constant (in special coordinates), or equivalently, when the tensor 
^ABCD defined in (|2.21|) vanishes. In that case it is known that the corresponding Kahler 
space is symmetric 



2.3 Special quaternionic manifolds 

We now return to the general four-dimensional Lagrangian ( |2.1D based on a general func- 
tion F[X) and consider its reduction to three space-time dimensions. In this case an 
extra feature is present, because the standard (abelian) gauge field Lagrangian in three 
dimensions can be converted to a scalar field Lagrangian by means of a duality trans- 
formation. Only derivatives of this scalar field appear, so that it has a corresponding 
invariance under constant shifts. Each four-dimensional gauge field thus gives rise to 
two scalar fields with two corresponding isometrics. One is its component in the fourth 
dimension and the other is the scalar field that results from the conversion of the three- 
dimensional gauge field. The n + 1 four- dimensional vector fields Ai^ thus give rise to 
2n + 2 scalar fields, which will be denoted by A^ and Bj. The corresponding invariances 
have parameters a^ and jSj. The same conversion can be used for the vector field that 
emerges from the higher- dimensional metric, so that the four-dimensional metric gives 
rise to a three-dimensional metric and two scalar fields. These scalar fields are denoted by 
and 0", and they also lead to two invariances, one related to the scale transformation of 
the extra coordinate with parameter e° and another one corresponding to the converted 
three-dimensional vector field with parameter e"^. Altogether, the Lagrangian ( p.l|) thus 
gives rise to 4(n + 1) scalar fields, coupled to gravity with 2n + 4 additional invariances. 
As there are no vector fields anymore, the corresponding transformations must constitute 
an invariance of the Lagrangian. As this Lagrangian is still locally supersymmetric the 
scalar fields must define a quaternionic non-linear sigma model p^. The corresponding 



spaces are called special quaternionic spaces and obviously depend on a homogeneous 
holomorphic function of second degree. They constitute the image of the c map, as was 
explained in section 1. As all quaternionic spaces, they are irreducible Einstein spaces 

m 
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The Lagrangian for this quaternionic sigma model was determined in p6|, where the 



quaternionic structure was verified, and in [|T^. It reads 

e-^L = -\R+[zNz)-^Mj^-Bd^z^d^z^ 



+ - 



-\U + JI)ijWiW 



I 117^1^ 



■ir' 



d^a-'^A'a^B,f+{d^4>)'}, 



where 



W. 



(Af + Jfy' 2jfjKd^A 



id^Bj 



(2.27) 



(2.28) 



is directly related to the field strengths of the original vector fields. Again the scalar fields 
are restricted to a domain T) in which the kinetic terms have the required signature. From 
the fact that the field strengths (W^^, 2iN'uWjl) transform under Sp{2n + 2, IR) just as 
{X^ , —^iFj), one can show that the scalar fields A^ and Bj transform linearly in the same 
(2n + 2)-dimensional representation. The fields (p and a are invariant under the duality 
transformations. On the other hand, as mentioned previously, the original scalar fields 
z^ are inert under the 2n + 4 extra symmetries associated with the parameters a^ , /?/, e"*" 



and e°. The full symmetry variations of the fields will be given in 

Let us again consider the root lattice corresponding to all these symmetries. It consists 
of the root lattice of the duality invariance extended by one dimension associated with 
the eigenvalue of the generator eg (from now on we use the notation where generators are 
denoted by their corresponding parameter, underlined with their index raised or lowered). 
This leads to a root lattice such as shown in Fig. ^ (for the moment ignore the generators 
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Figure 2: Root lattice corresponding to the isometries of an n = 1 special quaternionic 
manifold discussed in the text. 

indicated by o), where we have exhibited the case where the duality invariances constitute 
a group of rank 1 (namely SU{1,1)). The space has n = 1 and is based on F{X) = 
i{X^)^ / X^ . The roots corresponding to these duality isometries are extended with the 
roots belonging to the extra transformations that emerge from the reduction to three 



11 



dimensions. Observe that there are no duahty invariances associated with the matrices 
B^ in this case. Additional hidden symmetries are located on the left half-plane. In the 
case at hand, there are five such symmetries indicated by o, which extend this diagram 
to the root lattice of G2(+2) • Its solvable subalgebra consists of the solvable subalgebra of 
SU{1, 1), associated with the generators /? and bi, extended by the generators eg, e_,_, aj 
and P of the six extra symmetries. In the general case we obtain a similar diagram after 
projecting all the roots on a suitably chosen plane. 

The algebra V corresponding to the roots of the Kahler space isometrics and the 
extra symmetries, which is obviously non-semisimple, can generally be decomposed into 
eigenspaces of the generator Cq in the adjoint representation. One finds 

V = Vo + Vi/2 + Vi, (2.29) 

where Vq denotes the eigenspace with eigenvalue a. It turns out that Vq contains the 
generators of the duality invariance, previously denoted by W, supplemented by the gen- 
erator €.0, Vi/2 contains the 2n-|-2 generators aj and /?^ and Vi consists of the generator e_^_. 
As we shall discuss shortly, there exist no other symmetries with non-negative eigenvalues 



of eg, so that the root decomposition (|2.29| ) is complete in that respect ||191 . 

The decomposition ( |2.29| ) was also encountered in the classification of normal quater- 
nionic spaces given by Alekseevskii [^. Normal quaternionic spaces are quaternionic 
spaces that admit a transitive completely solvable group of motions. It was conjectured 
in pl| that the homogeneous quaternionic spaces consist of compact symmetric quater- 



nionic and normal quaternionic spaces. The algebra corresponding to the group of solv- 



able motions in the latter case exhibits the same decomposition as in ( p.29|) , although the 
spaces that emerge under the c map are not necessarily normal quaternionic. According 
to Alekseevskii there are two different types of normal quaternionic spaces characterized 
by their so-called canonical quaternionic subalgebra. The first type with subalgebra Cl 
turns out to correspond to the quaternionic projective spaces Sp{m, l)/{Sp{m) ® Sp{l)). 
Their solvable algebra V*^ decomposes as in (|2.29| ), where Vq contains only the generator 
eg, while Vf ^ ^.nd V^ have dimension 4n and 3, respectively. As mentioned above, Vi is 
always one-dimensional, so that the quaternionic projective spaces are not in the image 
of the c map. 

The second type has a canonical subalgebra A\ and the structure of the solvable 
algebra V*^ is as follows: Vq is a direct sum of the generator eg and a normal Kahler 
algebra W^ of dimension 2n, V^^ has dimension 2n -|- 2 and V^ has dimension 1. In 
order to be quaternionic, the representation of W^ induced by the adjoint representation 
of V^ on V^/2 must generate a solvable subgroup of Sp{2n + 2,1R). Hence the special 
quaternionic spaces have the same root structure (cf. p.29| ), except that the algebra W is 
not necessarily solvable. For a normal Kahler space with duality transformations acting 
transitively on the manifold, W has a 2n-dimensional solvable subalgebra, so that the 
c map yields a normal quaternionic space. Conversely each normal quaternionic space 
with canonical subalgebra A\ defines the basic ingredients of a special normal Kahler 
space, encoded in its solvable transitive group of duality transformations. Alekseevskii's 
analysis thus indicates that all these spaces are in the image of the c map. To establish 
the existence of the corresponding four- dimensional supergravity theory, one must prove 
that a holomorphic function F{X) exists that allows for these duality transformations 
(i.e., that satisfies (^]9|)). This program was carried out by Cecotti |jl6|], who explicitly 
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constructed the function F{X) corresponding to each of the normal quaternionic spaces 
with canonical subalgebra A\. With the exception of the so-called minimal coupling, 
where F{X) is a quadratic polynomial, all functions F{X) can be brought into the form 
( |2.12| ). Recently it turned out that this conclusion also holds for certain spaces that were 



missing in Alekseevskii's classification (cf. |T] 

We already alluded to possible additional (hidden) symmetries for the special quater- 
nionic manifolds, in analogy with the symmetries associated with the parameters a^ in 
the Kahler case (cf. Fig. |l|). This question was analyzed in |19| and it was found that the 



hidden symmetries are always associated to roots with eigenvalue —1 or —1/2 with respect 
to the generator eg. The root lattice corresponding to all symmetries of the Lagrangian 
(|2.27] ) thus generally decomposes according to 



V = V-i + V_i/2 + Vo + Vi/2 + Vi. (2.30) 

As stressed previously, the roots with non-negative eigenvalues were already completely 
specified in ( |2.29| ). The dimensions of V-i and V_i/2 are smaller or equal to 1 and 2n + 2, 
respectively. The parameters associated with the new symmetries are denoted by e~, 
corresponding to V_i, and a^ and /3/, corresponding to the generators in V_i/2. 

The full symmetry structure of the quaternionic manifold is encoded in a single real 
function h, 



h{X,X,A,B) = -^^{{BiB'f-'^[{FijKB'B'B''){X''BL) + h.c. 

+ ^{XNX)B'B'FukN~' ""'^FlmnB^'B''] , (2.31) 



where 



Bi = Bi + \iFijA' = NjjB'. (2.32) 

The function h is a real quartic polynomial in the fields A^ and Bj. Furthermore it is 
homogeneous of zeroth degree in X and X separately, as well as invariant under duality 
transformations (to see this, use the results of appendix y). 

The maximal number of symmetries exists if and only if the function h is independent 
of X^ and X^ . In that case the dimensions of V_i and V_i/2 are equal to 1 and 2n + 2, 
respectively, and the isometry group is semisimple. The derivative of h with respect to X 
is proportional to a fully symmetric real tensor Cjjkl 0], 

CjjKL = \Fukl{XNX) + {NX)(iFjKL) - ^,FMiijN-'''^FKL)N{XNX), (2.33) 

which satisfies the relations 



X'CijKL = 0, (2.34) 

Q^^IJKL - -X ^^,,, 



X - . , CjjKL — —X TrTFTjCijKL — CjjkL- (2.35) 



The vanishing of this tensor is a necessary and sufficient condition for the Kahler manifold 
(as well as the associated quaternionic manifold) to be symmetric, because of the relation 

in 

R^Bc'';E = -izNz)-' Q^^^ Cfbce , (2.36) 

where 

(X^Y 
Cabcd = -tt—^Cabcd (2.37) 
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is a tensor that depends on z and z. In view of ( |2.34| ) Cabcd contains all independent 
components of Cukl- 

When h is not X-independent, hidden symmetries belonging to V_i/2 can still exist 
provided that there are linear combinations of first-order derivatives of h with respect to 
A^ and/or Bj that are independent of X^ . Hence, the situation can be summarized as 
follows. The hidden symmetries correspond to the independent parameters e_, a^ and /3/ 
for which 

!"'=('- + "'air + ^4)" <'■'**' 

is independent of X^ and X^ . This condition is equivalent to the following conditions on 
the tensor Cukl, 

^L 



CuKLi"- = , (2.39) 

e'g^CjjKL = , (2.40) 

where ^^ is a function of the parameters a^ and /3/ : 

6 = /3, + '^tFija' = NiA' . (2.41) 

These 2n+2 parameters represent only independent solutions of the above equations when 
the space is symmetric and the symmetry associated with the generator e_ is realized. 
The conditions ( p.39| ) and ( |2.40| ) can be written exclusively in terms of Cabcd- Using 

as 



(|23^ ) one rewrites (^^40 



X'ij + (XNX)^-'^] Cabcd = . (2.42) 



Using (|2.34]) and ( p.35|) and the fact that Cabcd depends only on z and z, one can write 



(lOgp and (1^ as 

CabcdP = , (2.43) 



d_ 
dp 



z-'O + {zNz) i^-^ Cabcd = , (2.44) 



where ^"^ = ^"^ — z"^ ^'^ . A more convenient expression follows from invoking (|B.5|), 



^^ = {zNz)-^g^^^B - A-i (n-^Nz) ^jz^ , (2.45) 



A 



where A^^ = (A^^^) (alternative expressions for A are given in ( p.3| )). We shall return 
to the above conditions in section ^, where we apply them to the manifolds described by 
the functions (|2.12|) . 



3 The symmetry algebra of special Kahler and quater- 
nionic spaces 

In this section we discuss the algebras of the isometrics of generic special Kahler and 



quaternionic spaces and their consequences. In subsection ^TI| we have exhibited the 
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isometries of a generic special Kahler space that coincide with the generahzed duahty 
transformations of the equations of motion corresponding to the Lagrangian ( p.l|) . The 
infinitesimal transformations act on the scalars according to ( |2.1U| ); the matrices Cjj, B^ j 
and D^^ ^ which constitute an infinitesimal Sp{2n + 2, IR) transformation, are solutions 
of the consistency equation (|2.9|) . We parametrize these solutions in terms of a number 
of independent transformation parameters a;*. Using the notation that the generators 
corresponding to the parameters cu* are denoted by Wj, an arbitrary infinitesimal duality 
transformation is generated by 

6{uj) = iu'Ui. (3.1) 

As the algebra of these transformations should close, we have 

[6M,6{uj2)] = 6(003) . (3.2) 

The explicit form of uj^ in terms of ooi and UJ2 can be obtained from commuting the 
corresponding Sp{2n + 2, IR) matrices ( p. 81) ^. We remind the reader that the manifold 
may have additional isometries not corresponding to duality transformations. Indeed, it 



was demonstrated in |]I4[ that special real manifolds exist with a larger invariance group 
than that of the full supergravity Lagrangian. For the special Kahler manifolds we know 
of no examples where such a situation is realized, and for special Kahler spaces based on 



the functions ( p. 121 ) it was proven in [Q that the sigma model isometries are contained 



in the duality transformations. Such a proof is lacking for the generic manifolds, but in 
this section we shall ignore possible isometries of the Kahler space that are not contained 
in the group of duality transformations. 

The isometry group enlarges considerably under the c map, which extends the special 
Kahler space to a special quaternionic space. The quaternionic isometries exhibit a sys- 
tematic structure as expressed by the root decomposition ( p.3C ). A typical example of 



this decomposition was shown in the root lattice Fig. |^. In the notation introduced in sub- 
section p.3| , the infinitesimal isometries for special quaternionic manifolds are generated 

by 

(^ = e° io + e"^ e+ + e" e_ + a^ aj + (3i (3^ + a^ &i + (3i §^ + uj' uii . (3.3) 

We remind the reader that the "extra" symmetries parametrized by e"*", e°, a^ and /?/ are 
realized for any special quaternionic manifold. The generators of the "hidden" symmetries, 
belonging to the subspaces V_i and V_i/2 of the root lattice are denoted by eg and by 
a I and /3^, respectively, exist whenever the appropriate conditions are satisfied. As we 
discussed in subsection |2.3| , the symmetry in V_i, parametrized by e_, is only realized 
for symmetric spaces, characterized by the vanishing of the tensor Cjjkl given in ( p.33| ). 



If this is not the case other "hidden" symmetries belonging to V_i/2 can be realized 
depending on whether the conditions ( p.39|) and ( p.40| ) are satisfied. 



Let us now turn to the infinitesimal transformations corresponding to (|3.3| ) and acting 
on the coordinates 0, a, A^ , Bj and X^ of the quaternionic manifold (it is more convenient 
to use X^ rather than z"^). 



(-e° + 2ae~ + a^Bj - (3iA^ 



4 



Note that when the infinitesimal transformation S{uj) is described by a matrix B{uj) (as in (2.8)) 



then the commutator corresponding to (3.2) reads B{ll!3) — [B{u!2),B{lui)], with uji and lu2 in opposite 
order. 
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6cr = e+ + I [a^Bi - pjA^) + (a" - ^y- + a [^a^Bj - \PiA^ - e°) + Vh , 
SA^ = a^ + aa^ + B^j{u)A'^ -D^-\uj)Bj 

+ {e-a + la-'Bj - \pjA^ - |e°) A' - d'V (h + i^Za) , 

5Bj = f3i + a^Pj + Cjj{uj)A' -B\{uo)Bj 

+ (e-a + \a^Bj - ^pjA^ - |e°) Bj + djV (h + if^Za) , 
5X^ = B^j{u})X^ + \iD^\uj)Fj 

+V (-\iB' (X'Bj) + ^^z{N-y'B''FjKLB'^ (XNX)) , (3.4) 



where h{X,X,A,B) is the function given in (|2.31|) , T> was defined in ( p.38| ), dj and d^ 
denote the derivatives with respect to A^ and Bj, respectively, and 

^ . S,8- - 2^-^^^M^ . (3.5) 

We remind the reader that the condition for the existence of "hidden" symmetries is that 
Vh does not depend on X^ or X^ . 

The non-zero commutation relations of the above transformations are as follows. First 
we list those that do not involve the duality transformations, 

[eo,e±] = ±e±, [e_,e+] = 2eo, 

to, «/] = !"/, koAi] = -l&i, 

[e_,a/] = -a I , [e+,a/] = «/ , 



(3.6) 



Then we have 



[a^ a J + Pi ^, J u^ = a'^ ai + /Sj p\ 

[a^aj + i3i^^,uj'uii\ = a'^ai + i3'j^\ (3.7) 



where 



^'^^ ^B'k{uj) -D 



a 




(3.8) 



P'jJ \Cjk{uj) ~B^j{uj)J V/Sl 
and likewise for a' and /3'. Finally there are the commutators 

[a^ai + pip^,a^aj + f3jf3^] = {a^ Pi - a^ pj) e^ + J{a, p, a, (3) un ■ (3.9) 



Explicit calculation based on ( P^ ) shows that the duality transformations corresponding 
to the parameters u^a, P,a,P) correspond to the matrices 

B^j{a,P,aJ) = -l{a^Pj + a^Pj)-d^djh"{a,P,aJ) , 

Cij{a, P, a, p) = -P(ipj) + didjh"{a, p, d, (3) , 

D^-^{a,P,aJ) = -a'-^a-^^ + d^d-^h"{a,P,aJ) , (3.10) 
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where 

h"{a,/3,aj) = {a ■ d + /3 ■ d){a ■ d + (3 ■ d)h{X,X,A,B) . (3.11) 

From supersymmetry considerations, we know that the above algebra is quaternionic. 
Its structure can be visuahzed by a root diagram and its Cartan subalgebra consists of 
the Cartan subalgebra of the algebra corresponding to the duality transformations (the 
Kahler algebra) and the generator eg. As discussed in subsection ^]3|this leads to a typical 
diagram such as shown in Fig. ^ where the generators of the Kahler algebra are located 
on the vertical axis. It is clear that the rank of the quaternionic algebra is one unit higher 
than that of the corresponding Kahler algebra. 

We already mentioned that when the symmetry associated with the generator e_ 
exists, then all 2n + 3 symmetries associated with V_i and V_i/2 are realized. When we 
know of the existence of one hidden symmetry belonging to V_i/2, say df «/ + /3*7 P^ , then 
important information regarding the symmetry structure follows from the algebra. We 
mention four such results: 

(i). Any other hidden symmetry belonging to V_i/2 and parametrized by a^ aj + (3i f3^ 
should either satisfy d ■ /3^ — /3 ■ d^ = 0, or e_ is also a symmetry. The latter implies 
that all hidden symmetries in V_i and V_i/2 are realized; in that case both the 
Kahler and the corresponding quaternionic space are symmetric. 

(m). Also those hidden symmetries should exist that are related to df dj + /3^,J (3^ by the 
action of the duality transformations. 

[in). There exists an expression for (d* ■ d + /J^, ■ d)h, which is a cubic polynomial in 
A^ and Bj with constant coefficients that are severely restricted by the consistency 
equation (p.9|). 



(iv). There exist non-trivial duality invariances. 

The first two assertions follow directly from the last commutator in ( ^.6] ) and from 
The last two assertions need further explanation. First consider the commutator of 
df dj + /3*/ (3^ with a^ aj + /3/ /3^, for general a and p. It leads to the duality transforma- 
tions parametrized by the matrices ( |3.10| ) and implies that the third-order derivatives of 



fd^ ■ d + Pi, ■ dj h with respect to A^ and Bj must be constant (as is indeed guaranteed 
by the defining condition for a hidden isometry!). Moreover the matrices ( 3.1CI|) should 



satisfy the consistency condition (|2.9| ), but this fact is not so easy to exploit directly. 
Instead we first explore the consequences of ( p.lO| ) and at the end confront the result with 



the consistency condition. By contracting the indices of the matrices (|3.1CI|) with A^ and 
Bj and taking a suitable linear combination, we can use the homogeneity of the function 
h (which is a fourth-order polynomial in A and B) to obtain the expression 

h"{a, P, d.. P.) = -A^Bj B'j{a, P, d., /3.) + ^A'A^ Cij{a, P, d., /3.) 

+lBjBjD'-'{a,P,a,,P,) + i(A-/3, - B-a,){A-P - B-a). (3.12) 

Replacing a^ by A^ and Pi by 5/, and using once more the homogeneity of /i, yields 

{a,-d + P,-d)h = -\A'BiB'j{A,B,a,,p,) (3.13) 

+\A'A' Cu{A, B, d.. P.) + iBjBj D'\A, B, d., P,). 
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Resubstituting the above result into ( |3.12| ) shows that the matrices ( |3.10| ) can be decom- 
posed as follows, 

-i(/3,-« + (3-a,) 5'j - P,j a' - Pj af , (3.14) 

where the new three-index tensors introduced on the right-hand side are separately sym- 
metric in upper and lower indices. This allows us to rewrite (|3.13|) as 



{a.-d + P,- d)h = lA'A'A'' CijK{a., (3,) + \BiBjBk /^"""(a., (3.) 

+^BjBjA'' D'^Kia,, /3.) + ^A'A^^Bj CV(«., P.) 
+ UA-P, + B-a,){A-B) . (3.15) 



The reader may wonder what we have gained here as p.l5|) is still the most general 



expansion in terms of A^ and Bj. However, the matrices B' j, Cjj and D^"^ associated with 
the duality transformations are restricted by the consistency equation (p.9|); consequently 



similar conditions exist for the tensors on the right-hand side of (|3.14|) , which, in addition, 
must be symmetric. To write down these restrictions is straightforward and we refrain 
from doing so. In section ^ we shall apply this strategy to the class of spaces related to 
the functions (|2.12|) (which do have at least one symmetry belonging to V_i/2) and show 
how it leads to a full determination of ( [3.151 ). Obviously, one may attempt to integrate 



(|3.15| ) and in this way determine (part of) the function h. For the symmetric spaces we 



will determine h completely in this way. For other spaces we will determine the structure 
of h and completely determine the terms independent of z, using the duality invariance of 
h and ( |3.15| ). In contrast, the direct evaluation of h from its definition ( |2.31D is difficult 
(see, e.g. [|I^ where we presented the result for the simple case corresponding to Fig. |^, 
which required the use of a computer) . 

The assertion {iv) follows now directly from ( p. 14 ), as this equation cannot be satisfied 



for C = D = B = 0. Therefore the corresponding Kahler manifold must exhibit isometrics 
associated with duality transformations. 

Finally we explain under which conditions the c map preserves the homogeneity of 
the space. If a manifold is homogeneous due to a particular group of isometrics, then 
a larger manifold in which the previous one is embedded is also homogeneous, provided 
the isometrics of the submanifold can be extended to isometrics of the bigger manifold 
and there exist additional isometrics that act transitively on the additional coordinates. 
Now consider a special Kahler manifold, which is homogeneous due to the fact that 
certain duality transformations act transitively on the manifold. Under the c map these 
transformations are extended to isometrics of the quaternionic manifold. Moreover there 
are the extra symmetries corresponding to eg, e+, aj and /?^, which by (|3.4]) act transitively 
on the additional coordinates 0, a, A' and Bj. Therefore the image of the Kahler space 
under the c map is a homogeneous quaternionic space. In this respect it is important 
that, after dimensional reduction, the number of new symmetries is always larger than 
or equal to the number of new coordinates. We stress that the above arguments do not 
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apply to the case where the Kahler manifold is homogeneous owing to isometries that are 
not symmetries of the full supergravity action. So far no examples of such a manifold are 
known. 

Conversely, consider a manifold which is homogeneous. If there exists a subgroup of 
the isometries that acts transitively within a certain submanifold and leaves this subman- 
ifold invariant, then the submanifold is homogeneous. For the special quaternionic spaces 



we know from [|l9l that ( |3.4|) comprises all the isometries of the quaternionic space. The 
corresponding special Kahler space, parametrized by the scalars z"^, is the submanifold 
defined by = 1 and a = A^ = Bj = 0. The duality transformations leave the subman- 
ifold invariant and are isometries of the Kahler metric. Moreover, as the quaternionic 
manifold was assumed to be homogeneous, any two points in the submanifold are related 
by an isometry transformation. Because only the action of the duality group remains 
inside the submanifold, any two points of the Kahler manifold must be related by a du- 
ality transformation. In other words, the duality transformations act transitively on the 
Kahler manifold. It then follows that the Kahler manifold is also homogeneous. 

The same reasoning applies to the r map, where the duality transformations are re- 
placed by transformations that involve vector and scalar fields and leave the d = 5 di- 
mensional supergravity Lagrangian invariant. 

4 Symmetries of (i-spaces. 

This section deals with the properties of special geometries based on the functions 

vAyByC 

F(X) = .rf^^c^^^^ , (4.1) 

where (Iabc are real coefficients. Some of the relevant material was already discussed in 
section |^. These functions describe all the special real manifolds. Under the c map and 
the r map they yield special Kahler and quaternionic spaces. The Kahler spaces were 
studied in [^ . 



After presenting some convenient notation and other preliminaries, we recall the sym- 
metries for the real manifolds in subsection [4.1| . Then we derive the conditions for the 
existence of hidden symmetries of the corresponding special Kahler manifold (these were 
already quoted in subsection |2.1| ) and summarize the results regarding the algebra in 
subsection ^l2|. A large part of this section is devoted to the symmetry structure of the 



corresponding quaternionic spaces. This is done in subsection ^^, where we give condi- 
tions for the existence of hidden symmetries, and describe the algebra of isometries and 
its main consequences. A summary of the conditions for existence of hidden symmetries 



of spaces based on (|4.1|) is given in subsection 4.4 



It is often convenient to decompose the complex fields z into real and imaginary parts. 



z 



^l(y^-^x^). (4.2) 



The domain for the variables is restricted by the requirement that the kinetic terms for 
the scalars (|2.13| ) and for the graviton are positive definite. This leads to the conditions 



dxxx = cLabcx x^x^ > 

3{dxx) A{dxx) B — 2{dx) Asidxxx) a positive definite matrix. (4.3) 
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To evaluate the quantities of interest we note that 



A'oo = \i{dzzz) + h.c. , 


NoA = 


-\i{dzz)A + h.c. , Nab = 


l{dx)AB , 


(4.4) 


so that 












NoA = 


-iNABiz + z)^ . 




(4.5) 


This imphes 










zNz = \dxxx , 


{Nz)a 


= lz{dxx)A , {n-'Nzf = 


2^"^ ' 


(4.6) 


where {n-Y'' Nbc = 5^- 











An important property of these models is that, within the equivalence class of Kahler 
potentials K{z, z) ~ K{z^ z) + K{z) + A(^), there are representatives which depend only 
on X. We will denote one such a representative by g 

K{z,z) ~ g{x) = \ogdxxx . (4.7) 

Therefore the metric depends only on x, as we found already in ( p.l3|) , and is just the 
second derivative of g with respect to x. Using the notation where multiple x-derivatives 
of g are written as gAB--, the Kahler metric gAB coincides with gAB, without the need 
for distinguishing holomorphic and anti-holomorphic indices. All multiple derivatives are 
homogeneous functions of x and we get the following relations 

gAX'^ = 3; g^^gj, = -x^, 

{dxx)A B 

9a = ^ —J = -Qab X , 

dxxx 

a idx)AB 1 c 

9AB = 6 — gAgB = -n9ABC X , 

dxxx 

gABc = 6 35f(A gBc) - 9a gB gc , (4.8) 

where g^^ is the inverse of gAB^ which equals 



AB 



/^ = \{dxxx) [n-^) - ix^a;^ . (4.9) 

The fourth derivative of g depends on lower derivatives. This explains why the curvature 
( |2.15| ) depends only on triple derivatives of g. 

The independent non- vanishing components of the Christoffel connection and the Rie- 
mann tensor of a Kahler manifold are generally given by 

rSiJ = 9''^ dA9BC , R^BCD = dnTic ■ (4-10) 

In the case at hand the connection is purely imaginary, 

^BC = -r|c = W^''9BCD . (4.11) 

The (real) curvature equals 

R BCD = R BCD = ^—5- [9 9ebc) ■ (4-12) 
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From its homogeneity one proves 

x^'R^BcD = -g^^'gEBc . (4.13) 



From ( ^.15| ) and ( ^^.161 ) we can now verify the vahdity of ( ^.361 ) for the Kahler spaces of 



this section. Using the above expression for the connection (c.f. (|4.1CI| )), this leads to an 
expression for the tensor C, homogeneous in x, 

Cabcd = 3 d^BC 9d + I gFD{A dBC)G 9^^ 1 (4.14) 



which is not manifestly symmetric. However, it becomes fully symmetric by using ( 4.8 



Cabcd = -Qdf^ABC 9d) + 21{g^" + x'^x") duiAB dcD)G {dxxx) \ (4.15) 

Alternative and useful representations of C, some not manifestly symmetric either, are 
easy to derive using ( [4.8|) , 



d 
Cabcd = j^idxxxf qae 9bf 9cc q-^C^^^ = -Qqdf E^bce ^^ = ^9e E^bcd ■ (4.16) 



where we used the definitions ( |2.16|) and (|2.21|) . There are many other relations between 



the various tensors. The following two are particularly useful. 



dx^ 
4.1 Symmetries of the real space 



x^ Cabcd = 0, (4.17) 

d 

Cabcd = Q9efEj^q(jd ■ (4.18) 



The class of manifolds based on (4J.) comprise all special real spaces. The symmetries of 
the corresponding d = b supergravity theory were given in []T^ (see subsection |2.2| ). The 
scalar fields /i^, satisfying ( p.24| ), transform as 



5/i^ = 5^/i«, (4.19) 

where the matrices B define an invariance of the tensor dABC (cf. ( |2.18| )). However, 
the corresponding non-linear sigma model may possess extra invariances, which are not 



symmetries of the full action. In |T^ we gave an example of a class of models where 
this is indeed the case. Under the c map these extra transformations are not preserved, 
so certain geometrical properties of the real spaces no longer hold for the corresponding 
special Kahler spaces. In general, only the isometrics defined by ( [4.19| ) are relevant for 



the special Kahler and quaternionic manifolds. In [ffl], we proved that the isometrics of 
the corresponding Kahler spaces are always symmetries of the full d = 4 supergravity 
theory. For the quaternionic spaces that emerge under the c map this result is obvious 
as all vector fields have then be converted to scalars. The algebra of the transformations 
(|4.19| ) follows from the commutators of the matrices B (cf. the analogous discussion of 



the algebra of the duality transformations at the beginning of section 
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4.2 Symmetries of the Kahler space. 

The non-linear sigma models corresponding to the Kahler manifolds that are in the image 
of the c map, couple to d = 4 supergravity. The duality invariances of the corresponding 



actions were studied in []T3|. As summarized in subsection |2.1| these invariances lead to 
isometries of the Kahler manifold expressed in terms of the parameters /3, b^, Bj^ and 



a A, appearing in (2.17). The isometries parametrized by (3 and b 



A 



Sz^ = b^ - p z^ , (4.20) 

exist irrespective of the form of the symmetric tensor (Iabc (simply because they find their 
origin in the dimensional reduction from five to four space-time dimensions (see subsec- 
tion |2.2| )). The matrices B satisfy ( p.l8| ). The hidden invariances associated with a a are 



realized for parameters satisfying (|2.20|) . The derivation of the latter result starts from the 
master equation ( ^.91 ) on the matrices ( ^.17] ) that parametrize the duality transformations. 
This leads to 

0-{AdBCD) = —^D^^dE(ABdcD)F ■ (4-21) 

Multiplying this equation with x^x^ and with x^x^x^ , one derives ( [2.19] ), which can be 
re-inserted into the above equation to yield ( p.20| ). However, one must ensure that the 
D"^^ are constant (as the matrices ( p.l6|) are constant). Perhaps somewhat surprisingly, 
this is again a consequence of ( p.20| ). Actually, it turns out that the following conditions 
are equivalent criteria for establishing the existence of the hidden Kahler symmetries, 

EfBCDC^E = ^^ Cabcd 9"'' aE = Q ^^ ^C^^'^'ac = . (4.22) 

The fact that the first condition implies the second and the third, follows directly from 
(|4.16| ). The second and third condition are equivalent and imply that aEE^^^^x^ = 0, 



again because of ( [4.1(j| ). Because C'^^'-^ac is constant, also aEE^g^jj^ is constant. Since 



we know that this constant should vanish upon multiplication with x^, it should itself be 
zero, which is precisely the first condition ( 4.22|) . This proves ( 4.22| ). Finally we remind 



the reader that the conditions (|4.22|) are also equivalent to R^bc^cld being constant. The 
space is symmetric if and only if the tensors E^^^ei ^^d Cabcd vanish; in that case R^bc^ 
is thus constant (as well as covariantly constant in view of ( |2.36| )). 



The algebra of the symmetries of the Kahler space was obtained in |]T3[. Apart from 
the commutator given in the previous subsection, the non-zero commutators are 

% kA] = IkA ; % a^] = -la"" , 

k^cui, bs] = -BM^) kA ; [^'^^. a^] = B\{^) qP , (4.23) 

where cu^* are the transformation parameters corresponding to 

B%{yjj,) = R\E''^\^%^i- (4.24) 

These commutators clearly exhibit the decomposition ( ^.2(j| ). From the algebra we deduce 
that the existence of a symmetry associated with parameters a^ implies the existence of 
duality invariances of the form 

B\{a, b) = lacC^^^dsDE &^ - l^^ b^ac - b'^as , (4.25) 

with b^ arbitrary. This follows from taking the commutator of the hidden symmetry with 
any one of the variations parametrized by b'^ (which are always realized) . 
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4.3 Symmetries of the quaternionic space. 



All special quaternionic spaces possess the symmetries of ( p.29| ). The existence of pos- 



sible hidden symmetries depends on existence of solutions of (|2.43| ) and ( p.44| ). Here we 
investigate the implications of these equations for the spaces based on the functions ([4.1D. 
These quaternionic spaces are thus in the image of the Cor map. Using the results of the 
previous subsections we first discuss a simpler version of the equations. Subsequently, we 
exploit the results of section |^ based on the algebra of isometrics, which are very powerful. 
Before turning to the proofs, let us list a number of important results. We shall show 
that Po is always associated with a symmetry, that the conditions for a^ and Pa can be 
written as 

E^BCD^'' = 0, (4.26) 

EIbcd^e = 0, (4.27) 

and that do is only associated with a symmetry iff the space is symmetric [E^^^j-, = 0). 
Below we prove these results and exhibit how the existence of certain symmetries implies 
in turn the existence of other symmetries. Furthermore we exploit the results of section ^ 
to obtain information on the function h defined in (|2.31| ). Some of these results were 
already reported in |jT9[ . 



First we note that ^^ defined in ( p.45| ) simplifies to 

i^ = 4{dxxx)~Ug^^^B + ^x^^IZ^) , (4.28) 



where we used relations derived at the beginning of this section and A = —^{dxxx). 
Using ( |4.17| ) and the homogeneity of the tensor C, ( |2.43| ) and ( p.44| ) take the form 



CABCDg''''^E = , ^pg^^^'g^CABCD = • (4.29) 



Furthermore ( |2.41| ) becomes 

U = Pa- SdABcz^'a"" + 'l{dzz)A&'' , (4.30) 

which, unlike C, depends on both x^ and y^; expansion in y thus leads to a number of 
independent equations when substituted into ( [4.29 ). The equations for a^ and Pa that 
follow from ( [4.29| ), are 

d 

CaBCD 9 Pe = ', Pf 9 -pT^CABCD = , 

Cabcd 9'''' dEFG a^ = 0- d^ dHGF 9^''^^Cabcd = 0. (4.31) 

Furthermore, we can only have a symmetry associated with the parameter d° provided 
that C = 0. This implies that the corresponding Kahler space is symmetric (and, as it 
turns out from explicit application of the c map, so is the corresponding quaternionic 
space) . 

None of the above equations depend on Pq, so that the hidden symmetry corresponding 
to this parameter is always realized. Subsequently consider the equations ( [4.31| ) propor- 



tional to p. It turns out that the first equation coincides with the second condition for the 
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hidden Kahler symmetry characterized by the parameter a a in ( [4.22| ), while according to 



( 4.1S ) and ( 4.22 ), the second equation is just equivalent to the first. This establishes that 
the condition for the existence of hidden quaternionic symmetries associated with the pa- 
rameters j3a coincides with the condition for the hidden Kahler symmetries parametrized 
by oa, which, again according to ( [4.22|) , is precisely ([4.27|) . Consequently, every hidden 
Kahler symmetry implies the existence of a hidden quaternionic symmetry associated with 
parameters [3a- 

Following the same arguments, the equations ( |4.31| ) for the symmetries associated 
with the parameters a^ are that the parameters 13a = dABcc^^ satisfy ( [4.27|) and thus 
constitute hidden symmetries for all index values for C. According to ( [4.22| ) this means 
that E^QQj-, dEFG a^ = 0. The latter proves that parameters a satisfying ( [4.26|) are 
symmetries. Indeed, the identity 



^ABCD dpGE + 2-E 



F{ABC dD)GE 



^Efg{ab dcD)E 







(4.32) 



multiplied with d-^, shows that for parameters satisfying ( [4. 261) , [3a = dABcc^^ are sym 



metrics for all index values of C. This proves that ( |4.26| ) is a sufficient condition. Its 
necessity will be derived shortly. 

Many of the above results and their implications can be obtained from the algebra of 
isometrics discussed in section ^. The fact that the a^ symmetry does not exist unless 
the space is symmetric, can be understood from the result [[«]] and the existence of the 
[3q symmetry. For symmetric spaces all hidden symmetries are realized; therefore we 
will not discuss them further and ignore the d° symmetry. For non-symmetric spaces 
the independent parameters a^ and [3a are subject to the constraint a"^ Pa = 0. The 
result |( ii)\ now takes the following form. From (|3.7|) and (13. 8|) we conclude that if we 
know of the existence of symmetries with parameters a^, [3^,1, then hidden symmetries 
must be realized with the following parameters a^ , [3i, 



\PaJ 



( p 


as 





\ 


b^ 


B^B + i/35^ 





IC^^^ac 








-P 


-b^ 


Vo 


SdABcb"" 


-a A 


-B^A~\P5iJ 



( &l\ 



P.0 
\P.A 



(4.33) 



where the parameters /5, 6"^, i?"^ and a a parametrize duality transformations. We list 
three consequences of this formula: 

(z). We established that the symmetry associated with the parameter /3^o is always 
realized. Therefore, if there are duality transformations characterized by parameters 
a A, there must be extra symmetries with /3a oc a^i. This explains why the conditions 
for the existence of Pa symmetries are the same as those for a^ symmetries, as 
derived above. 



[a). If a^ corresponds to an isometry, so does B\ df . By using the duality transforma- 
tions proportional to 6^ (which are always realized) we conclude that the parameters 
Pa oc dABC(y-^ should correspond to an isometry as well, in accord with the result 
found above. 



[iii). If there are symmetries corresponding to the parameters /3^b then there should also 
be symmetries corresponding to the parameters B^a P-kB- Furthermore we can make 
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use of the fact that for every duahty transformations proportional to a^, there exist 
a hidden quaternionic symmetry associated with the parameters l3i,A oc a^. Then 
there must be an isometry associated with the parameters 

a^ = C^BC ^^^^^^ (4 34) 

for all independent parameters /3^^ associated with a hidden quaternionic symmetry. 



We now explore the commutator ( |3l9| ) discussed in section |^. The resulting duality 
transformation, parametrized by (|3.14|) , should be in accord with the general form of the 
duality transformations of the Kahler spaces based on ( [4.1D , specified in ( [^.17D and ( P^.19D , 



for arbitrary a and /?. This requirement leads to surprisingly restrictive conditions for 
the coefficients in ( 3.14| ). The non- vanishing coefficients are given by 



Cabc{&, P) = -MabcPo , D^^^'ia, /3) = fC^^^d" , 

C^ABia, P) = -ldABDC^''''PE , D^^c{&, P) = -IC^BD^c^^^^ , (4-35) 

C%B(a, (3) = -MABC&'' , D^^^{a, /3) = |C^^^/3c , 



while the parameters of the duality transformations in the commutator ( |3.9| ) are equal to 

P{a,P,a,P) = —^Pia^ — Poa^ — ^Pia^ — Po&^ 

0^(0, /3, a, /3) = 3dABcOi^Oi'~' ~ c^^Pa — oPPa 

-\S^{Pca^' + Pca^') - pBa^ - Pb^"^. (4.36) 



The above parameters should satisfy ( 2.18|) and ( 2.20 ) for all a^ and Pj. (Observe that Pq 



does not appear in the expressions for a a and B b, so it is left unrestricted as it should.) 
This gives rise to the equations 

" Eabcd = Eabcd dEFG OL = Ej^QCD Pe = Ej^BCD a = . (4.37) 

This confirms the previous results and finally establishes the necessity for the condition 

(HI). 



Finally we exploit the result 3 on page |T^ to further determine the function h. Using 
( |4.35| ) we may write ( p.l5|) as 



{a'di + Pid')h = k{-\dABcA^A''A'' + \A^A'Bi} (4.38) 

+d° {^C^^^ BaBbBc + \A'BiBo] 

+Pa [lA' C^^"" BbBc - \A^A^ dBDE C^^'' Be + \A^A^Bi] 
+a^ {-|A^ dABC C""^^ BdBe - lA^A"" dABC Bo + \A'BiBa] , 

for the independent parameters a and P that are associated with a hidden symmetry. We 
recall that the right-hand side of this equation does not depend on z^ and z"^. In the case 
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at hand, we know that the symmetry associated with (3o is always reahzed, so that the 
derivative of h with respect to Bq equals 

d% = -IdABcA'^A^'A^ + ^A^A'Bi . (4.39) 

This determines the function /i up to a quartic polynomial in y4°, A^ and Ba, with 
z- and ^-dependent coefficient functions. However, h should be invariant under duality 
transformations. In this case we know that the transformations parametrized by j3 and 
b^ are always realized. For the fields A^, A^, Bq, Ba, these transformations can be read 
off immediately from ([4.33| ), while for z and z they are given in ([4.2CI|) . To further 



determine the function, such that the result is manifestly invariant under these duality 
transformations, we express it in terms of fields that are invariant under the duality 
transformations proportional to b^, namely x^, A^ and 

Ba = BA-l{dy)ABA'' + l{dyy)AA\ (4.40) 

Bo = Bo + ly^BA-l{dyy)AA^ + ^^{dyyy)A\ 

where 7/^ and x"^ are proportional to the real and imaginary part of z^ (cf. ( ^.2| )). 
Expressing a function in terms of these variables and y"^, the invariance of h under the 
b^ transformations implies that there is no explicit dependence on y^, so we may write 
h{A'^, A^, Bq, Ba,x^). Because -^h = -^h, and the right-hand side of ( |4.39|) does not 
change under the replacement of A^, Ba and Bq by A^, Ba and Bq (due to the fact 
that this expression is invariant under the duality transformations proportional to 6^), 
we have thus determined the dependence of h on B^. The other terms in h are quartic in 
A", A^ and Ba, and there are 15 combinations of these. Under duality transformations 
parametrized by the parameter /? these fields scale with weight 1, | and — |, respectively, 
while x^ carries weight — |. Each coefficient function of x is thus homogeneous of a 
suitable degree. There appear functions of all degrees from —2 to 6. For instance, the 
contribution to h that is of zeroth degree in x, depends on two such functions, h^^^ [x) 
and h^^{x), 

h^'^ = -\dABcA^A^A^ Bq + \A' A^BABQ + \{A^nBQf 

+A° Ba Bb Be /i^^^(x) + A^ i^ Be Bd h'^^{x) . (4.41) 

This function is manifestly invariant under duality transformations associated with the 
parameters b^ and (3 and satisfies ( [4.39| ). The remaining functions are Bq independent 



and of non-zero degree in x. 

When there are additional symmetries known proportional to parameters /Sa and/or 
a^ one can again follow the same strategy and use ( [4. 381) to further restrict the function h. 
A special case is that of the symmetric space, where the maximal number of symmetries 
is realized, so that ([4.38|) holds for all a^ and f3i separately. In that case all first-order 



derivatives with respect to Aj and Bj are known and we can integrate the result to find 
the function h, 

h = -ldABcA^A''A''BQ + lA'A^BABQ + l{A'^nBQY (4.42) 

+^A' Ba Bb Be C^^^ - ^A^ A^ Be Bj, dABEC^'''' + ^A^ Ba A^ Bb. 
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One can check that this result is invariant under all duality transformations. In particular 
it is invariant under the duality transformations proportional to the parameters 6^. This 
implies that the replacement of A^, B^ and Bq by A^, Ba and Bq leaves the function 
unaffected. To show this it is important that the tensor E^^q^ vanishes. For n = 1 with 
dm = C^^^ = 1 the above formula for h confirms the result of a computer calculation 



presented in |19 



4.4 Summary 

For the (i-spaces the symmetries that are realized for the various types of special manifolds 
are summarized in Fig. ^ and in Table |l[ The figure can be compared to Fig. H, which 



Figure 3: Roots of quaternionic (i-spaces in the jS-e^ plane 

2e° - 3/3 
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a-A^ 
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Po 



a 



Pa 2e' + P 



Po 



corresponds to the case where the isometry algebra of the quaternionic space equals G2, 
except that we have changed the axes. The corresponding quaternionic space has rank 2, 
and is a li-space, i.e., it is in the image of the Cor map. 

The symmetries with 2e^ + P > that are listed above the first horizonal line in the 
table, are realized for arbitrary coefficients d^BC- All those roots are located on the right 
half-plane in the figure. 

The symmetries associated with i?^, which are the remaining symmetries with 2e° + 
P = 0, are listed in the table between the next two horizontal lines. The existence of these 
symmetries is related to solutions of the equation 



doiAsB c) 







(4.43) 



The latter represent all invariances of the full rf = 5 supergravity theory that contains a 



non-linear sigma model with the real space as a target space. It was shown in |TJ] that the 
real manifold can have additional isometrics, which are not preserved by the supergravity 
interactions and therefore do not reappear as isometrics of the corresponding Kahler and 
quaternionic manifolds. Therefore those symmetries are not listed here. 
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Table 1: Symmetries of (i-spaces 
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The Cartan subalgebra of the B'^b transformations gives rise to additional dimensions 
of the root diagram, which are not depicted in Fig. ^. Their presence depends on the par- 
ticular choice for the d-coefficients. In the next section, these generators will be specified 
for the homogeneous (i-spaces. The Cartan subalgebra of the corresponding Kahler space 
consists of the Cartan subalgebra of the real space complemented by the generator p. The 
Cartan subalgebra of the quaternionic space consists of the Kahler Cartan subalgebra ex- 
tended with the generator e°. Hence the rank of the isometry algebra always increases by 
one unit. 

The symmetries with 2e^ + /? = — | are related to the solutions of 



^ABCD (^E — Ej^b(jj^Pe — 



(4.44) 



Therefore, the condition determines the existence of hidden symmetries for both the 
Kahler and the quaternionic manifold. In Fig. |^ one can see that the Po symmetry, which 
is always realized, relates the qa to the Pa symmetries. 



The symmetries with 2e^ + P 



I are related to solutions of 



Eabcd<^ 



D 



Finally, the symmetries with 2e° + P 
means that 



rpE 
^ABCD 



. (4.45) 

2 exist only for the symmetric spaces, which 

. (4.46) 
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The existence of symmetries with a certain (negative) eigenvalue of 2eo + (3 imphes al- 
ways that symmetries exist with an eigenvalue that is | larger. For instance, the existence 
of a A symmetries implies the existence of a -B symmetry of the form ([4.25|) for arbitrary 
6"^, and presence of a"^ symmetries implies that 13a = dABC<^^ is a symmetry for all C. 

5 Homogeneous (i-spaces. 

For a homogeneous manifold the isometry group acts transitively, which means that every 
two points of the manifold are related by an isometry transformation. Therefore the 
manifold itself is (locally) determined by the isometry group. In this section we want 
to study the isometry group G for homogeneous spaces based on the coefficients (Iabc- 
Again these spaces come in three varieties, namely real, Kahler and quaternionic. In 
||l^ they were called 'very special'. The homogeneous quaternionic spaces consist of the 
(symmetric) quaternionic projective spaces, the symmetric spaces that are related to the 
projective complex spaces via the c map and a subset of the d-spaces. The corresponding 
Kahler and real spaces are homogeneous as well, according to the arguments presented 
at the end of section ^ For the Kahler spaces we know from [jl4| that there are no other 



homogeneous spaces based on (Iabc coefficients, while all symmetric special Kahler spaces 



are contained in this class according to ||2^ . Whether or not there are real special spaces 
that are homogeneous and do not lead to homogeneous Kahler and quaternionic spaces via 
the r and the c map, is not known. For such spaces the transitive symmetry (sub)group 
cannot be extended to a symmetry of the corresponding supergravity action; at present no 
example of such a space is known. Q In this section we discuss all homogeneous quaternionic 
spaces based on (Iabc coefficients and their real and Kahler partners. 



The dABC coefficients that give rise to homogeneous spaces were classified in |]T3- The 
solutions are denoted by L(g, P), where q and P are integers with q> —1 and P > 0. For 
q equal to a multiple of 4, there exist additional solutions denoted by L{Am,P,P), with 
TTi > and P,P> 1. Here L{Am, P, P) = L(4m, P, P). Some of the corresponding spaces 
were assigned various names in the literature |^, [16|, |T^ , which are given in in Table |^, 



where the spaces discovered in ||T^ are indicated by a -k. The symmetric spaces are the 
three varieties corresponding to L(— 1,0), L(0,P), L(l,l), L(2, 1), L(4, 1), and L(8, 1), 
and the real spaces corresponding to L(— 1,P). For those cases the isometry group G is 
given. For the non-symmetric spaces the isometry group G is not semisimple; the isotropy 
group H is always its maximal compact subgroup. The aim of this section is to clarify 
the structure of these isometry groups G. 

The (Iabc coefficients for these spaces can be specified as follows (we use here the 
parametrization chosen in the last section of [1^, which is different from the so-called 



'canonical parametrization'). First we decompose the coordinates h^ into /i^, h?, h'^ and 
h^, where the indices /i and i run over q + 1 and r values, respectively. Hence we have 
n = 3 + q + r. The non-zero components of cIabc are 

"122 = 1 i di^i, = —o^y ; d2ij = —Oij ; d^ij = 7^^ , (5-1) 



^In p4| examples were discussed of real special spaces whose isometrics were not all contained in the 
invariance group of the supergravity action; in spite of that the latter group still acted transitively on 
the space. 
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SO{4)(^50(4) 
50(P+4,4) 


50(P+4)(g)S'0{4) 

W{P, P) 
y(P,g) 

P4 


USp{6)0SUi2) 


su{3) su{: 

SU*{6) 
Sp{3) 

Fa 


i)(S)SU{3)(S)U{l) 
50*(12) 


S'!7(6)(8)S'C/(2) 
£7 




1) 


S'0{12)(g)5(7(2) 


Eti®U{l] 


S7(8)S'!7(2) 



Table 2: Homogeneous special real spaces and their corresponding Kahler and quater- 
nionic spaces. The rank of the real spaces is equal to 1 (above the line) or 2 (below the 
line) . The rank of the corresponding Kahler and quaternionic manifolds is increased by 
one or two units, respectively. The integers P, P, q and m can take all values > 1. 



so that C{h) can be written as 

cih) = 3{h' {h^f - h^ {h^f - h^ {h'f + 7^i,- w h' y] . 



(5.2) 



The coefficients 7^jj are the generators of a (g+l)-dimensional real Clifford algebra with 
positive signature, denoted by C(g + 1,0), 



""^pbik ""^vkj ~r '~iuik '^fJ.kj 



^OijOfiy 



(5.3) 



These Clifford algebras and some of their properties are given in Table ^ p8[. The 
irreducible representations for a given q are unique, except when the Clifford module 
consists of a direct sum of two factors. As shown in Table ^ this is the case for g = mod 
4, where there exist two inequivalent irreducible representations. This implies that, for 
g 7^ mod 4, the gamma matrices are unique once we specify the number of irreducible 
representations. This number is denoted by P, so that L(g, P) determines the gamma 
matrices in this case, and thus the (Iabc coefficients. For g = mod 4 the representations 
7^ and —7^ are not equivalent, and a reducible representation is characterized by the 
multiplicity of each of these representations, P and P. Of course, an overall sign change 
of all the gamma matrices can be absorbed into a redefinition of h^ in (^.2|) . This is the 
reason why L{4m, P, P) = L{4:m, P,P). If the representation consists of copies of one 
version of the irreducible representations, then we denote it by L(4m, P). The dimension 
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Q 


q+1 


C(g + 1,0) 


^«+i 


^.(P.P) 


-1 





]R 


1 


SO{P) 





1 


]R©]R 


1 


SO{P)(E)SO{P) 


1 


2 


]R(2) 


2 


SO{P) 


2 


3 


C(2) 


4 


U{P) 


3 


4 


e(2) 


8 


U{P, H) = USp{2P) 


4 


5 


e(2)©e(2) 


8 


USp{2P) ® USp{2P) 


5 


6 


e(4) 


16 


U{P, H) = USp{2P) 


6 


7 


C(8) 


16 


U{P) 


7 


8 


]R(16) 


16 


SO{P) 


n + 7 


n + S 


]R(16)®C(n,0) 


16 P„ 


as for q + 1 = n 



Table 3: Real Clifford algebras C{q+1, 0). Here F(n) stands for n x n matrices with entries 
over the field F, while 'Dq^i denotes the real dimension of an irreducible representation 
of the Clifford algebra. Sq{P,P) is the metric preserving group in the centralizer of the 
Clifford algebra in the (P + P)Pg+i-dimensional representation. 



of an irreducible representation is denoted by Vq^i and given in table 
r = PPq+i, or r = (P + P) Vq+i, and thusQ 



n 



3 + g + (P + P) P, 



9+1 



We thus have 



(5.4) 



5.1 Symmetries of the Clifford algebra. 

The isometry group of the various manifolds contains the linear transformations of the 
coordinates h^ that leave the cubic polynomial ( |5.2| ) invariant. A special subgroup of 
these invariance transformations corresponds to the those that leave the Clifford alge- 
bra invariant and preserve the metrics 5^i, and 6ij. In |T^ it was suggested that these 
transformations are relevant for the homogeneous spaces that occur in matter-coupled 
supergravity actions in 6 dimensions; these couplings would then be determined by the 
Clifford algebra. 

The symmetry transformations of the 7 matrices were discussed in W7\ 



tries of 5^i, form the rotation group 5*0(^+1) 



The symme- 
They leave the 7 matrices invariant when 
acting simultaneously on the spinor and vector coordinates, labelled by i and /x, respec- 
tively. On the spinor indices the rotations act according to the cover group. Besides there 
can be additional invariances that act exclusively in spinor space and commute with the 
gamma matrices and thus with the corresponding representation of the Clifford algebra. 
These are the antisymmetric matrices Sij determined by 



b,,s] = o 



(5.5) 



They are the metric-preserving elements of the centralizer of the Clifford algebra repre- 
sentation, which are denoted by|] Sq{P, P), and listed in Table |^. The invariance group of 

^For L(q, P) one must take P = 0. 

^Both the group and the corresponding Lie algebra will be denoted by Sq{P, P). 
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^tiij, 5ij and 5^u is thus 

50(g + l)®5,(P,P) , (5.6) 



which acts according to 



<5/i^ = A^.h" , 



6h' = i V (7m7.)%- /i^' + ^^- /i^ (5.7) 

where both A^^, and Sij are anti-symmetric matrices. The dimension of the above invari- 
ance group equals 

|g(g + 1) + ^egP{P + 1) - P + le.PiP + 1) - P , (5.8) 

where e^ equals 1, 2 or 4, depending on whether the Clifford algebra is of real, complex 
or quaternionic type (see Table |^). Hence e^ = 1 for g = 0, 1, 7 mod 8, e^ = 2 for 
g = 2, 6 mod 8 and e^ = 4 for g = 3, 4, 5 mod 8. 

5.2 Symmetries of the real space. 

The linear transformations of /i^ that leave ( ^.21) invariant were already given in |jl^. They 



constitute the isometrics of the real special spaces and consist of (|5.7| ) supplemented by 
(we rescaled some transformation parameters for future convenience) 

Sh^ = -2A h^ + 2iih' , 
Sh^ = \h^ -C^h' + i^W , 

5h^ = _ 1 A /i* + ^, /i2 _ C h' + ^, 1,^, /i^ + \i, 1,^, y . (5.9) 

The symmetries corresponding to the parameters Q can only exist when the tensor Tijki = 
0; this tensor is defined by 



ijkl 



1/i{ij 7fcOM " ^{ij ^kl) , (5.10) 



and vanishes only when the corresponding Kahler and quaternionic spaces are symmetric^. 
When this is not the case the transformations ( |5.9| ) extend the number of symmetries of 
the previous subsection to 

n - 1 + \q{q + 1) + \eq (P{P + 1) + P(P + 1)) - P - P . (5.11) 

We now clarify the algebra X corresponding to these transformations. First it is easy 
to verify that generator A, associated with the infinitesimal transformation proportional 
to A, extends the Cartan subalgebra of ( |5.6|) to the Cartan subalgebra of X . The rank 
of X is thus one unit higher than that of (|5.6|) . Decomposing the isometry algebra with 
respect to A we find 

A" = A-^a/s + ^0 + ^3/2 , (5.12) 

* It does not vanish for £(—1, P), where only the corresponding real space is symmetric, due to other 
isometrics than those discussed here [Q. Henceforth we only refer to 'symmetric spaces' when all three 
varieties of the special spaces are symmetric. 
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where A'_3/2 contains the generators associated with the parameters C (which is empty 
for the non-symmetric spaces), Xq consists of the generators associated with A, ^^, A^u 
and Sij, while X3/2 contains the generators corresponding to the parameters C,i- We can 
simphfy Xq to 

Xo = soil, 1) © so{q + 1, 1) © 5g(P, P) , (5.13) 

where so{l, 1) corresponds to A and the so{q + 1, 1) algebra consists of the so{q + 1) 
algebra discussed in the previous subsection, combined with the generators associated 
with the infinitesimal transformations proportional to ^^. It is convenient to decompose 
the fields h^ into h^, h^'^ and h\ where M = 2 or /i. The so{q + 1,1) infinitesimal 
transformations are then denoted by matrices A^^^r with ^^ = A^^ = A'^2 and A'^^ = A^^, 
with Amn = Vmp A^ jq = —AjyM, where the metric r] = diag (— 1,1,...,1). 

On the spinor fields h^ the group S0{q+1, 1) act as indicated in ( p. 9] ) (i.e. it transforms 
as a spinor in de Sitter space). From a more formal point of view, this can be understood 
as follows. The spinor fields do not allow a realization of C{q + 1,1), but its subset 
consisting of the even elements, C'^lq+l, 1), is always isomorphic with C(g+1, 0), such that 
S0{q + 1, 1) can act on h^. To see this in more detail, let us first double the representation 
space and realize a (not necessarily irreducible) representation of the Clifford algebra 
C{q + 1, 1). This representation thus acts on 2X>g+i coordinates, which we decompose into 
an equal number of components with upper and with lower indices, {ip\ipi). As ■?/'* and 
ipi transform in general according to inequivalent spinor representations of SO{q + 1, 1), 
there is no invariant metric in spinor space that allows one to raise and lower spinorial 
indices, so that ip'^ and ipi remain independent. On this basis C(g + 1, 1) is realized by the 
gamma matrices 

-"' = (,„. j • <"*' 

with 7^jj = 7^*-' equal to the gamma matrices introduced above, and 72 ^-^ = —'j2ij = ^ij- 
The generators of SO{q + 1, 1) in the spinor representation are 

Imn'j = l[hi'^'lN]kj , (5.15) 

so that 

l^.Jj = l[^."^lu]kj ; 72/.'i = -1^2 j = l^:^ ■ (5.16) 

With this notation the only non-zero components of the tensor (Iabc are 

dlMN = —f]MN ; dMij = 'jMij , (5-17) 

where the coordinates /i* are assigned upper indices. Assigning upper indices to the 
generators ^* and lower indices to d (so that the corresponding parameters are written 
as ^i and (\ respectively), the commutators with the so{q + 1, 1) generators are 

[Amn,C] = -\lMNj^ ; [AMNXi\ = ICj1mn\ , (5.18) 

and the combined transformations of (^.7|) and (|5.9|) are incorporated in the matrix {A = 
(l,M,2)and5=(l,Ar,j)) 



/-2A 2e, \ 

B^B= X6'J + A''^ -C'7% 
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(5.19) 



To find the isotropy group, consider points with h^ = K^ = 0. Then h^ depends on h? 
because of ( p.24 ), so that one is left with a one-dimensional subspace. For these points it 



is easy to show that the metric (defined in ( f^.23D ) is negative definite as required. None of 
these points is left invariant by the symmetries ( |5.9|) (this is not so for the symmetric spaces 
where the isotropy group contains transformations associated with a linear combination 
of ^j and C*), so that the (compact) isotropy group equals 

H = SO{q+l)®Sq{P,P) . (5.20) 

The {n — l)-dimensional solvable subalgebra of the non-compact isometry group G 
consists of two parts, namely the r generators contained in X^/2i and the q + 2 generators 
belonging to the solvable subalgebra of A'q; those are the generator A and the q + 1 
generators belonging to the solvable subalgebra of so{q + 1, 1) (see appendix ^. The 
rank of the so{q + 1, 1) equals 1 (for g > 0; for g = —1 the algebra is empty, so that 
the rank is 0), so that the rank of the full solvable algebra equals 2 (or 1 for g = — 1). 
Obviously the real homogeneous spaces have the form of so{\i') supplemented with 
r -(- 1 coordinates associated with the rigid motions parametrized by A and ^j, which act 
as translations and transform linearly under 5*0(^-1- 1, 1) ®Sq{P, P). For symmetric spaces 
the situation is different as one has to take into account the extra isometrics contained in 

'^-3/2- 

Note that for g = — 1 we have Xq = so(l, 1) © so{P). Then the r = P generators of 
X3/2 and the additional isometrics found in ^^ extend this algebra to so{P -|- 1, 1), and 
one finds a symmetric space as indicated in Table |^. 

For g = we have Xq = so(l, 1) © so(l, 1) © so{P) © so{P). The generators A and 
a (the one corresponding to C,^), can be recombined such that one linear combination 
commutes with the P generators in X3/2 that transform under SO{P), and the other 
linear combination commutes with the remaining P ones transforming under SO{P). 
The space then becomes a local product of a (P -|- 1)- and a {P + l)-dimensional space 
(each of rank 1). The isometry algebra is a contraction of so{P + l, l)(Bso{P+l, 1). These 
spaces were denoted by Y{P, P) in Table 0. If g = P = the space is symmetric and 
one must include the P generators contained in X_-i/2. This then leads to the isometry 
algebra so{P -|- 1, 1) © so(l, 1), as exhibited in Table 0. 

5.3 Symmetries of the Kahler space. 

The special Kahler spaces are based on the function F{X), which for the 'very special' 
spaces takes the form 

F{X) = ^{-r^,,^X^X''X' + ^M^,X''X^X^} . (5.21) 

The previous isometry algebra is now extended with the transformations corresponding 
to /?, b^ and the solutions of ([4.22|) . So we first have to solve the latter. As the spaces are 



homogeneous, we may do so at any point in the domain. It is convenient to consider points 
in the subspace x^ = x^ = 0, so that only x^ and x"^ are non-vanishing (and possibly the 
real parts of z^, but they never appear). The metric is diagonal in this parametrization 
and is given by 

gii = - (x^) ; 922 = -2 (a;^) ; gf,u = -25^^ (s^) ; gij = -26ij (^x^a;^) 

(5.22) 
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As dxxx = 3x^ (x^) , the domain of positivity is x^, x^ > 0. The non-zero components of 
C^^^ are (cf. (^M ) 

^122 _ I . ^l^^u ^ _^^^.u . ^2ij ^ _i^ij . (jm ^ 1^^^^. (5 23) 

or, in so(g + 1, l)-covariant notation, 

The curvature tensor, which appears in the commutation rules of the isometrics, follows 
directly from the above result. Its non-zero components in the points x'^ = x* = are 

i? 11 = — 2 ; R i/ = —(5* , 

-K ij — —7 ij , n iM — —2^M , 

-K MAT — —^^M On + 1]MN V ; 

/2V = -2<^f<^? + hM^.7'''^ (5.25) 

Furthermore, a straightforward calculation gives for the non-zero components of E^^q^, 

^ijkl = '^^ijkl ; -^Mjfci = ^jklmlM"'' , (5.26) 

where Tijki was defined in (|5.1CI| ). We consider the non-symmetric spaces where this 
tensor is non-zero. Already in [^ we concluded that there are no non-trivial solutions of 
^ijki a; = in that case. Therefore there are only hidden Kahler symmetries associated 
with the parameters a^ and 02. 

According to ( p.26| ) the isometry algebra W can be decomposed into three eigenspaces 



of P; W_2/3 contains the transformations corresponding to um, VVq = A" © /3, and W2/3 
contains the generators associated with the parameters b^. The total number of isometrics 
is now 

2{n + 1) + |g(g + 3) + ^e^ (P{P + 1) + P(P + 1)) - P - P . (5.27) 

The parameters 6^ decompose with respect to S0{q + 1, 1) into 6^, 6*^ and 6*. Most of the 
commutation rules are indicated in Table |. The Sq representation denoted by v denotes 
the vector (or defining) representation. The so{q + 1,1) representation denoted by u, s 
and s denotes the vector, spinor and conjugate spinor representation, respectively. Hence 
we have 

[AmNi Ql \ = '^QlIM^N] } 
[AmN, C] = -\lMNj^, 

[Amn.U = IklMN'i. (5.28) 

To calculate the last commutator of ( |4.23| ) we can use the curvature tensor as determined 
above for points in the two-dimensional complex subspace, because we know that the com- 
ponents R^AB^ are related to the hidden symmetries parametrized by a^, and therefore 
constant. In this way we obtain 

[e,bi\ = -251 h, 
[&A/,a^] = 5ff(^-|A)-A%/, 
[&,a^] = -h^^e- (5.29) 
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Table 4: Roots of the isoinetries of the non-symmetric homogeneous very special Kahler 



spaces. 



generator 


s. 


so(g+l,l) 


X 


i 


i- 


-|A 


U+i 


hi 








2 


'2 
3 







2 


e 


V 


s 


3 

2 







1 

2 


1 


h 


V 


s 


1 
2 


2 
3 




1 

2 


1 


a^ 





V 


1 


2 
3 




-1 





ku 





V 


-1 


2 
3 




1 






Note that bi commutes with the generators discussed above, as well as with the so{q + l, 1) 
generators. Furthermore, it is easy to verify that the generators A'^n, gJ^ , Bm and /5 — |A 
define the algebra so{q + 2, 2). Extending the indices M with two more values, which we 
indicate by a and b, we may define A^J^^ = a^, A^j^^ = hj^, and A^i, = —A^a = I3 — \X- The 
invariant metric tjmn is then extended to an SO{q + 2,2) invariant metric by including 

Vab = Vba = -1- 

According to the above commutation relations, the spinor representation of 5*0(^+2, 2) 
acts on the generators (Cti). This can be understood from the equivalence relations 
C+{q + 2, 2) ~ C{q + 2, lj"~ C{q + 1,0)® 1R(2). 

The linear combination of A and j3 that commutes with so{q + 2, 2) is A' = | A + j3. 
The grading of the full isometry algebra with respect to A' is as follows. 



H 



= Wo © W( © W^ , 

= A'©so(g + 2,2)©5,(P,P) 

w[ = e®k = {i,s,v), 

W^ = 6i = (2,0,0), 



(5.30) 



where, for VV( and VV2, we indicated the representations with respect to the three sub- 
algebras of Wq. Note that because of the equivalence of the Clifford algebras indicated 
above, Sq{P, P) is also the centralizer of the C~^{q + 2, 2) in the relevant representation. In 
this picture, the generators of grading form again a reductive algebra, while the other 
generators have positive grading : at grading 1 the generators constitute a direct product 
of a spinor representation of so{q + 2, 2) with a vector representation of Sq] at grading 
2 there is just a singlet generator. No generators with negative grading occur. This is 
different for the symmetric spaces, where we have additional isometries associated with 
the parameters (\ ai and aj. They decompose into generators (CijO*) at grading —1 and 
a^ at grading —2, so that the isometry algebra is semisimple. 

Let us briefly consider the simplest cases. For the homogeneous spaces related to 
L(— 1, P), the reductive algebra Wq is A' © so(2, 1) © so{P). The generators in >V( form a 
(1,2,P) representation of this algebra. For g = 0, we have the so-called K[P,P) spaces 
and 

Wo = A' © so(2, 2) © so(P) © so(P) 
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= A' © (so(2, 1) © so{P)) © (so(2, 1) © so{P)) . (5.31) 

The generators in W( decompose into two separate representations, (1,2,P, 0,0) and 
(1, 0, 0, 2, P). Because of the presence of A' and b^ in the isometry algebra, this does not 
lead to a factorization of the corresponding Kahler space. The latter two generators form 



a so-called canonical subalgebra, characteristic for the Kahlerian algebras |^, [16 



From the transformation rules ( p.22|) , it is obvious that the coordinates z^ do not 



transform linearly under the isometry group. For the real spaces, discussed in the previous 
subsection, the transformations were realized linearly on the fields h-^, which are, however, 
subject to the constraint ( p.24|) , and the cubic polynomial ( p.2|) is invariant under the 



isometry transformations. For the Kahler spaces there are the corresponding fields X^ , 
which do not transform linearly either as is shown in ( p.lO|) . Furthermore the homogeneous 



function F{X) given in ( p.21[ ) is not invariant under the full isometry group, and neither 
is it invariant under the isotropy group. The latter group coincides with the compact 
subgroup associated with Wq and equals 

H = SO{q + 2)0SO{2)®Sg{P,P) . (5.32) 

The SO{q + 2) group is associated with the compact subgroup of SO{q + 1,1) and linear 
combinations of the generators a^ and b^; the 50(2) group is generated by a linear 
combination of g^ and 62 (and not by linear combinations of A and (3). In general it is 
not possible to use a symplectic reparametrization (cf. appendix 0) to bring F{X) into 
a different form that is manifestly invariant under the isotropy group H. 

5.4 Symmetries of the quaternionic space. 

The symmetries of the generic quaternionic very special spaces are summarized by table |l|. 
In the previous subsection, we have already identified the symmetries corresponding to 
B^B and a a- As we know that the condition for the existence of the a a symmetries 
coincides with the condition for the existence of the /3a symmetries, there are thus g + 2 
solutions associated with the parameters (3m- We are left with the a^ symmetries, whose 
existence is governed by condition ( [4.45|) . From ( [4.34| ) we derive at once, using (|5.23|) , that 



there is a symmetry associated with a^. Using the E coefficients in ( [5. 26] ) establishes that 
the non-symmetric spaces have no other symmetries. Another approach is to consider 
( 5.171 ) and to note that additional symmetries associated with a^ with A ^ I, would lead 



to Pa symmetries of the form Pa = dABC «^ that are not realized. 

Hence the isometry algebra of the homogeneous quaternionic spaces consist of the 
algebra ( |5.30| ) of the corresponding Kahler spaces extended with (3^ and di. Using (p.8|), 
(|4.33| ) and (|5.19|) , we can group the generators into representations of eo©A'©so(g+2, 2)© 
Sq{P, P). The results are listed in Table |^, where, in the first column, the generators that 
constitute an so{q + 2, 2) representation are ordered according to their weight under the 
so{q + 2, 2) generator (3 — |A. For the vector representation these weights are (—1, 0, 1), 
and for the spinor representation (— |, i). 

From the table we see immediately that so{q + 2, 2) can be extended with (Ai, /3*^, /3°), 
(«0; Q-M, P^) and A' — 2eo to so(g+3, 3). This can be checked by combining (|3.9|) and ( [4.36|) . 



The remaining generators can be grouped into so{q + 3, 3) representations. Denoting the 
hnear combination of eg and A' that commutes with so{q + 3, 3), by e' = 2eo + A', we find 
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Table 5: Roots of the isometries of the non-symmetric homogeneous very special quater- 



nionic spaces 



generator 


s. 


so(g + 2,2) 


A' 


io 


A' - 2eo 


A' + 2eo 


e+ 











1 


-2 


2 


{ciut^^') 





V 


1 


1 

2 





2 


h 








2 





2 


2 


(«^,^0 


V 


s 





1 

2 


-1 


1 


(f,&.) 


V 


s 


1 





1 


1 


(ai,^^,^°) 





V 


1 


1 

2 


2 





(ao,ttM,^^) 





V 


-1 


1 

2 


-2 






a decomposition of the isometry algebra as in the previous subsection : 

Vo = e'©so(g + 3,3)©5,(P,P) , 

V^ = e+©(ai,/3^,/3°)©&i = (2,t;,0), 



(5.33) 



where we indicated the representation of V( and V2 according to the three subalgebras of 
Vg. The above result fully determines the generic structure of the isometry algebra for the 
(non-symmetric) homogeneous quaternionic spaces. The isotropy group is the maximal 
compact subgroup of the isometry group, which equals 



H = SO{q + 3) © 80(3) © Sg{P, P) . 



(5.34) 



For the symmetric spaces the isometry algebra is extended with additional generators, 
with negative eigenvalues of e'. 






{Qix^®{&^.h = {-^.s,v) 



e_ 



(ao,aM,/3^)©ai = (-2,t;,0) . 



(5.35) 
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A Normal spaces 



For homogeneous spaces the isometries act transitively on the manifold so that every two 
points are related by an element of the isometry group. The orbit swept out by the action 
of the isometry group G from any given point is (locally) isomorphic to the coset space 
G/ K, where K is the isotropy group of that point. For non-compact homogeneous spaces 
where K is the maximal compact subgroup of G, there exists a solvable subgroup that 
acts transitively and whose dimension is equal to the dimension of the space. Such spaces 
are called normal. This solvable algebra s determines the coset completely, i.e. -^ = e*. 
We will show how to obtain s for any coset. 

The construction of the solvable algebra follows from the Iwasawa decomposition of 
the group, 

G = KAN, (A.l) 

where K is the maximal compact subgroup; the remaining factor is then decomposed 
into its maximal Abelian subgroup A and a nilpotent group N . The solvable subgroup is 
F = AN. 

For normal spaces the compact subgroup can be divided out according to the above 
decomposition so that one is left with the group space associated with F. To see how 
this works, we first consider the example of SO{n, 1)/S0{n), and show how this coset is 
indeed the exponential of a solvable algebra. Then we explain the Iwasawa decomposition 
for the algebra. Finally we illustrate how this decomposition works for the example of 
so{n, 1). 

One decomposes the generators of SO{n, 1) using an off-diagonal metric decomposed 
according to (n + 1) = 1 © (n — 1) © 1, 

/O 1 



V 







t 





The generators of SO{n, 1) are subject to the condition t""" 
as follows, 

fa -e 



t oc 



so{n — Ij 



\ 

-a J 



(A.2) 



—1] 1 1] and can be decomposed 



(A.3) 



c 

V -C^ 

Here ^ and ( are (n — l)-dimensional real vectors. The so{n — 1) generators together 
with the remaining n — 1 compact generators characterized hj ^ = ( define the maximal 
compact subalgebra so{n). Observe that the vector left invariant under SO{n) is equal 
to (1, 0, ... 0, —1). Acting on this vector with SO{n, 1) generates an orbit isomorphic to 
SO{n, 1)/S0{n) as well as to F = exp s, where s is the solvable algebra associated with 
the generators parametrized by a and C,- It is not difficult to give this group explicitly in 
terms of these parameters. 
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The rank of the coset is defined as the rank of the solvable algebra, which in this case is 
equal to 1. The Cartan subalgebra consists of the generator associated with the parameter 

a. 

We now present the general procedure (see e.g. [^) for the Iwasawa decomposition 
of a non-compact algebra 

g = k®p, (A.5) 

such that 

u = k®ip (A. 6) 

is compact. We will thus explain how to find the solvable algebra s. First, choose a 
maximal number of commuting elements from p, and denote them by hp. This set can 
be extended to a Cartan subalgebra (CSA) h by including suitable elements from k. We 
order the elements in the CSA by putting the elements of hp in front, and then define 
the set of positive roots A"*". Now n is the subset of A"*" defined by those elements which 
are not completely in k. (More mathematically : define an automorphism 9 such that 
9{k) = k and 6{p) = —p, then n is the subset of A+ consisting of elements x such that 
6{x) 7^ x). Equivalently, n consists of the roots which are strictly positive with respect to 
hp only. Then 

s = hp®n (A.7) 

is a solvable algebra, which has the same dimension as p (see [^) and c^ is isomorphic 
with the coset g/k. The dimension of the Cartan subalgebra of s equals the rank of the 
homogeneous space. 

Consider now the example of so{n, 1). Let us define the algebra by using the vector 
representation. Indices M, N, . . . , run over the values 0,1, ... ,n. Indices /i, u run from 
1 to n. Furthermore we will also use indices m,n, . . . running from 2 to n. We define 
transformations 

Sz"" = A^^^z^ , (A.8) 

and raise or lower indices with the metric r^*^^ = diag (— 1, 1, . . . , 1). Then Amn is 
antisymmetric. The generators A are defined by 6 = ^A^'^ ^ AJ^ m- The compact ones 
{A'^u) are antisymmetric operators, while the non-compact ones (A^^) are symmetric. 
Their action is 

Amn^^ = ^N^M - 5mZn ■ (A. 9) 

The commutation relations 

[Amn , Apq] = Amq Vnp - Anq Vmp - Amp Vnq + Anp Vmq (A. 10) 

imply that there are no mutually commuting non-compact generators. The space is 
therefore of rank 1, and we can choose a = A^i as the generator in hp (the full h includes 
also the Cartan subalgebra of so{n — 1)). Now we have to diagonalize the commutator of 
hp with the other generators. This requires the linear combinations 

A'^m = ^{£m±A'm) • (A.ll) 



On this basis the metric becomes equal to the metric ( [A.2| ). The generators A'^m have a 



positive root with respect to a, and correspond to the parameters ^m in ( |A.3|) . Thus we 
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find that the n — 1 generators ^m and a generate the n-dimensional coset so{n^ l)/so(n); 
the only non-zero commutators of the solvable algebra are 

hAm]=im. (A. 12) 

B Useful formulae 

We collect here several formulae which are useful in calculations. The matrices in ( |2.2| ) 
have simple contractions with the vector X 

X^Mij = 
X'Afij = ~X'Fij = ~Fj 

{XNX){XN)i = -{XNX)X'\M + U)ji. (B.l) 

For the inverse matrices there are the following relations (the matrix A4~^^^ is the inverse 
oi Aij^j^ a.s n X n matrix) 

^-1^^ = (^iVz)-i/^ 

= (AT-i)^^ - (iV"i)-^o z"" - z^ {N-y + {N-'r ^^ ^"^ 

vl vJ I vl -yJ 

AT + AT AT + A/^ U + N 

We have defined in |jl5| also (A^~^)°° = A^^ and the matrix [n^^)^^ as the inverse of 



Nab- We then have 

A = zNz - zN (n-^) Nz = Nqo - Nqa {n'^) ^^Nbo ■ (B.3) 

and^ 

M-^^^ = (n-') ^^ + A-i (n~'Nz) ^ (n-^Nz) ^ (B.4) 

Furthermore we have the following result: if X^ Sj = then 

= RaM~^^^Sb - A-^Riz^ {n~^Nz) ^Sb ■ (B.5) 

The last term disappears if moreover Rj satisfies X^Rj = 0, a result which was given 
already in HTSJ. 



^The implicit contractions over indices are always over the maximal set of indices for the matrices 
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C Symplectic reparametrizations of special Kahler 
manifolds 

In it was noted that two different F functions can give rise to equivalent theories 
(provided the vector fields are abelian). As an example it was demonstrated that two 
n = 1 theories discussed in |15[ with F^ = i{X^f/X° and F" = {X^y/^ (X^)^/^ lead to 
equivalent field equations. The relation between two functions that describe equivalent 
theories takes the form of symplectic reparametrizations of the same type as the duality 
invariances discussed in [||; the invariances can be viewed as a special subclass. The 
space of theories describing n abelian vector multiplets coupled to A^ = 2 supergravity 
is thus parametrized by holomorphic functions of n + 1 variables that are homogeneous 
of second degree, divided by Sp{2n + 2, IR) transformations |^. In addition, functions 
that differ by a quadratic polynomial with imaginary coefficients, are equivalent [Q. The 
symplectic reparametrizations are relevant in the treatment of Calabi-Yau manifolds and 
related phenomena and for bringing the theory in a form where certain subgroups of the 



duality invariances are linearly realized (see, for instance, p, ^ |T§, |30|, 0). Here we 
summarize their main features and clarify a number of related issues. 

For the scalars the possibility of such reparametrizations is already suggested by the 
part of the action depending only on scalars and gravitons (after elimination of the aux- 
iliary D field, see [p2|)) which is invariant under local scale and phase transformations. 



4e-i£(o,2) = lR{X'Fi + X'Fj) (C.l) 

+{d^ - tA^)X' {d^ + tA^)Fj + {d^ + tA^)X' {d^ - tA^)Fi, 

where A^ is the (auxiliary) gauge field associated with the phase transformations. One 
may now perform linear redefinitions of {X^ , Fj), which commute with the local scale and 
phase transformations by virtue of the fact that F{X) is holomorphic and homogeneous 
of second degree, 

X^ = U^jX-^ -\iZ^^ Fj, 

Fj = V/Fj + 2tWijX\ (C.2) 

where U, V, W and Z are constant {n + 1) x [n + 1) matrices. The above redefinition 
preserves the form of the Lagrangian (|C.1D provided that (for generic functions F{X), so 
that X^ and Fj may be considered as linearly independent functions) the matrix 

(C.3) 

satisfies 

0-^ = n0^n-\ where fi=( ° ). (C.4) 




For functions F for which Fj and X^ are dependent, the derivation given above is not 
fully applicable. In that case it is best to proceed to the subsequent derivation for the 
spinor and vector fields, which is more general, and subsequently return to the scalar-field 



sector p, 10 . 
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We shall need that dX^ /dX^ is non-singular. In other words, that the first line of 
with Fj a function of X, defines an invertable relation between X^ and X^ . This is 
an additional non-trivial condition on the matrix ( |(J.3D , which depends on F. To see this, 
consider for instance the transformation defined by X^ = ^iFi and Fi = 2iX^, with all 
other variables left unchanged, which satisfies (|C.4|) . However, if F depends linearly on 
X^, this transformation is not allowed, as X' does not depend on X^, so that the relation 
between X^ and X^ is not invertable. 

In order to remain within the same class of Lagrangians, one must also require that 
Fj can be written as the derivative of some new function F{X), 

dX^ ^ ' 

which is again holomorphic and homogeneous of second degree. This is the case when 

f=, dFi f^^Kr. o-TT. \ dX^ 



'ij 



[Vi'^Fkl + 2miL) -^ (C.6) 



dX^ ^ ^ dX 



is a symmetric matrix. Here we made use of the fact that the transformation X\X^) is 
invertable, as explained above. Using the first line of ( |C2|) this integrability condition 
requires that 

2i{U^W)jj + {U^V)j'' Fkj + FjK {Z^WYj - \FjK {Z^V)^^ F^j (C.7) 

be symmetric in / and J . For a general function F the above condition implies that the 
first and the last term are separately symmetric; furthermore we assume that the identity 
is the only constant matrix that commutes with Fjj. As a result one finds 

O-^ = VlO'^Vl-^ . (C.8) 

Note, however, that for special functions this restriction may not necessarily be required 
at this point. 

Combining ( |C.8| ) with ( p.4| ) we conclude that O must be an element of 5*^(2^ + 2, R) 
with unit determinant|^. The new function F is again holomorphic and homogeneous, 
and follows directly from 



F{X) = \X' Fi (C.9) 

= i{U"^W)^jX^X-^ + \{U'^V + W'^Z)/X^Fj - \i{Z^VY-^FiFj. 

Observe that the above result does not correspond to a reparametrization of the function 
F itself, as this would lead to F{X) = F{X). In this connection it is relevant that the 
addition of a quadratic polynomial with imaginary coefficients to F{X) does not change 
the action 0. 

We conclude that the Lagrangians (|C.1|) parametrized by F{X) and F{X) represent 



equivalent theories. Furthermore, when 

Fix) = Fix), (CIO) 

^"in view of the local scale and phase invariance O may always be multiplied by an arbitrary complex 
function of the space-time coordinates. We have suppressed these possible multiplicative factors by 
restricting the determinant of O to unity. 
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the Lagrangian is invariant under the syinplectic transformations. Note that this does 
not imply that F itself is an invariant function. Indeed, from comparison to ( |C.9|) one 
readily verifies that F{X) ^ -F(-^), as was already observed in |^ (cf. ( |2.11| )). 

The invariant reparametrizations, called duality invariances, were studied extensively 
in 1^ in the context of infinitesimal transformations. On the basis of this work it is 
clear how to extend the reparametrizations to the other fields. Usually they cannot 
be formulated for the abelian vector fields but are realized on the field strengths by 
generalized duality transformations ||12[. Hence the symplectic parametrizations show 



that the field equations corresponding to different functions F are equivalent, but not 
necessarily the actions. Before discussing the symplectic reparametrizations for the other 
fields, let us introduce some additional notation. Generic (2n + 2)-dimensional vectors 
that transform under the action of the Sp{2n + 2, IR) will be denoted by {u^ , vj). Under 
the infinitesimal reparametrizations specified by (|2.8|) , the vector {u^ ,vj) thus transforms 
according to 

Su^ = B^ju-^ -D^-^vj 

6vi = Cijw' -B'lVj . (C.ll) 

As we have seen, the vector [X^ ^ —^iFj) is an example of such an Sp{2n+2, IR) vector. As 
we shall discuss below, the spinor and vector fields lead to similar vectors. The symplectic 
invariant of two Sp{2n + 2, IR) vectors, [u^ , vj) and {u'^ , v'j) takes the form 

n{u,v;u',v') = u^v'j-viu'^, (C.12) 

and satisfies Q{u,v; u', v') = Q{u,v; u', v') . 

The transformation of the fields X^ can be written with the aid of a field-dependent 
matrix S{X) according to (cf. ( |C2D ) 

X^ ^X^ = S^j{X) X-^, (C.13) 

where 

S'jiX) = U'j-ltZ'''FKj. (C.14) 

Note that this result reduces to ( |2.10|) for infinitesimal transformations as S' j ~ 6j+B'j + 
^iD^^Fxj- It is not difficult to show that S satisfies the group property of Sp{2n + 2, IR), 

S^iX)S2iX) = SsiX) , (C.15) 

where Si, S2 and Ss correspond to the Sp{2n + 2, IR) matrices Oi, O2 and C3, with 
O^ = O1O2 and X = S2X. Here use was made of ( |C.6| ), which can be written as 

Fij = {Vi'^Fkl + 2iWjl) (5-1)^ = {S-^)''i{Flk Vj"" + 2tWjL) , (C.16) 



where the right-hand side depends on the coordinates X^ through Fjj and S. From (|C.16|) 



it is straightforward to derive the following useful formulae for symplectic reparametriza- 
tions of the tensors Njj and Fjjk, 

Nij = NKL{S-Yi{S-'fj, 
FijK = FMNPiS-'fjiS-'fjiS-YK, (C.17) 
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Given an Sp{2n + 2, ]R) vector {u^ , vj), we may construct (complex) (n + l)-component 
vectors by 

Vj = vj + \iFuu' = NijV', (C.18) 

which transform under Sp{2n + 2, H) according to 

Vj = Vj{S~'yi, V' = S'jV'. (C.19) 

On the other hand, given a vector V^ one constructs an Sp{2n + 2, ]R) vector by 

iu",v'j) = iV',ltFjKV''), (C.20) 

whose imaginary part equals the original vector [u^ , vj) provided the latter were real. 

We now turn to the reparametrizations of the spinor fields fij and f2*^ (the index i 
refers to chiral SU{2); an upper (lower) index denotes the positive (negative) chirality 
components). Their reparametrizations can be inferred from the fact that both 

X' Njj n/ = X' [Fjj Qf) + Fj Qj (C.21) 



and the kinetic term of the spinors and their coupling to the scalars |22 



g-l^fcrmionic _ 1_ Uil p {^Pu^i) + {Fij^'^) P^^A , (C.22) 

should preserve their form under symplectic reparametrizations. Both these expressions 
take the form of the symplectic invariant (|C.12D provided we identify (fif , —\iFjK ^f) as 
an Sp{2n + 2, IR) vector. This is equivalent to the reparametrization 

nl = s'jn^. (C.23) 

What remains are the reparametrizations for the vector fields, which, as emphasized 
above, are realized on the field strengths. First we evaluate the tensor A/" corresponding 
to the function F{X). Denoting this tensor by A/", one finds 

AfiKiW'j + 2«Z^^ ATij) = -^zWij + VI'Mkj . (C.24) 

As a consistency check, one may multiply both sides of this equation by X^ and X"^ ] then 
both sides become proportional to FiX) upon using (|C.2|) and the identities A/}j X"^ = 
-\Fi andFjX^ = 2F. 

On the other hand, on the basis of the results of 0, we expect that the self-dual compo- 
nent of the abelian field strength gives rise to an Sp{2n + 2, IR) vector {F^J , 2iMjK F^^\ 
This implies that 

2iHij F^! = 2iMij {U + 2iZMyK F+f = 2i {VM + W)jj F^/ . (C.25) 



which is precisely in accord with the equation (|U.24| ) found above 



After the reduction of the four- dimensional fields we obtain new vectors VF^, A^ and 
Bi, which are related to the field strengths. From this it follows that (VF^, 2iMjK ^^^ 
and (A^, Bj) are also Sp{2n + 2, IR) covariant vectors. 

The above expressions for the symplectic reparametrizations were all derived and/or 
used in ||^, ^ in infinitesimal form for reparametrizations that constitute an invariance 
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of the theory, i.e., reparametrizations that satisfy ( |C.10| ). What we want to stress here 
is that the restriction to invariance transformations is not necessary. Exactly the same 
form of the transformations is obtained for arbitrary symplectic reparametrizations. 

Finally, when the duality invariances act transitively on the manifold of the spinless 
fields, transformation rules such as the ones derived above lead to a complete determi- 
nation of the various functions of the spinless fields that appear in the supergravity La- 
grangian, a feature which was extensively exploited in the explicit construction of many 
supergravity Lagrangians in the past. 

For the convenience of the reader we list the {2n + 2)-component objects transforming 
under the duality transformations as in ( |C.2| ), or infinitesimally as in ( |C.11|) , that we 
encountered in this paper; they are 

{X',-ltFj), (F;/, 2zAGi. F;/) , {A',Bj), {W',2tAfjjW'), (C.26) 

and their complex conjugates. Furthermore we encountered quantities transforming ac- 
cording to (|C.14| ), such as X^ (cf. ( |C.13| )), the tensors transforming as in ( |C.17] ), and Bj 



and B^ , defined in (|2.32| ), which transform as V/ or V^, respectively (cf. (|C.19D ). 



References 

[1] D. Gross, J. Harvey, E. Martinec and R. Rohm, Nucl. Phys. B256 (1985) 253, B267 
(1986) 75. 

R Candelas, G.T. Horowitz, A. Strominger and E. Witten, Nucl. Phys. B258 (1985) 
46. 

[2] N. Seiberg, Nucl. Phys. B303 (1988) 286. 

[3] S. Cecotti, S. Ferrara and L. Girardello, Int. J. Mod. Phys. A4 (1989) 2457. 

[4] L.J. Dixon, V.S. Kaplunovsky and J. Louis, Nucl. Phys. B329 (1990) 27. 

[5] B. de Wit and A. Van Proeyen, Nucl. Phys. B245 (1984) 89. 

[6] S. Ferrara and A. Strominger, in Strings '89, eds. R. Arnowitt, R. Bryan, M.J. Duff, 
D.V. Nanopoulos and C.N. Pope (World Scientific, 1989), p. 245. 

[7] A. Strominger, Commun. Math. Phys. 133 (1990) 163. 

[8] P. Candelas and X. C. de la Ossa, Nucl. Phys. B355 (1991) 455, 

P. Candelas, X. C. de la Ossa, P. Green and L. Parkes, Phys. Lett. 258B (1991) 118; 
Nucl. Phys. B359 (1991) 21. 

[9] L.J. Dixon, in Superstrings, Unified Theories and Cosmology 1987, eds. G. Furlan, 
J.C. Pati, D.W. Sciama, E. Sezgin and Q. Shafi (World Scientific, 1988), p. 67. 
W. Lerche, C. Vafa and N.P. Warner, Nucl. Phys. B324 (1989) 427, 
B.R. Greene and M.R. Plesser, Nucl. Phys. B338 (1990) 15, 
P. Candelas, M. Lynker and R. Schimmrigk, Nucl. Phys. B341 (1990) 383. 

[10] S. Ferrara, D. Llist and S. Theissen, Phys. Lett. B242 (1990) 39. 

46 



[11] J. Bagger and E. Witten, Nucl. Phys. B222 (1983) 1. 

[12] S. Ferrara, J. Scherk and B. Zumino, Nucl. Phys. B121 (1977) 393, 
E. Cremmer, J. Scherk and S. Ferrara, Phys. Lett. 74B (1978) 61, 
B. de Wit, Nucl. Phys. B158 (1979) 189, 
E. Cremmer and B. Julia, Nucl. Phys. B159 (1979) 141, 
M.K. Gaillard and B. Zumino, Nucl. Phys. B193 (1981) 221, 
B. de Wit and H. Nicolai, Nucl. Phys. B208 (1982) 323, 
M. de Roo, Nucl. Phys. B255 (1985) 515. 



[13 
[14 
[15 

[16 

[17 

[18 

[19 

[20 
[21 

[22 
[23 

[24 
[25 
[26 
[27 
[28 
[29 

[30 

[31 



M. Giinaydin, G. Sierra and P.K. Townsend, Phys. Lett. B133 (1983) 72; Nucl. Phys. 
B242 (1984) 244, B253 (1985) 573. 

B. de Wit and A. Van Proeyen, preprint CERN-TH.6593/92; KUL-TF-92/30; THU- 
92/17; Phys. Lett. B, in press. 

E. Cremmer, C. Kounnas, A. Van Proeyen, J. P. Derendinger, S. Ferrara, B. de Wit 
and L. Girardello, Nucl. Phys. B250 (1985) 385. 

S. Cecotti, Commun. Math. Phys. 124 (1989) 23. 

B. de Wit and A. Van Proeyen, preprint CERN-TH.6302/91; KUL-TF-91/43; THU- 
91/22, Commun. Math. Phys., in press. 

B. de Wit, in Strings and Symmetries 1991, eds N. Berkovits et al. (World Scientific, 
1992), p. 36. 

B. de Wit and A. Van Proeyen, Phys. Lett. B252 (1990) 221. 

A.S. Galperin and V.I. Ogievetsky, Cl.Q. Grav. 9 (1992) 1425. 

D.V. Alekseevskii, Math. USSR Izvestija 9 (1975) 297. 

B. de Wit, P. Lauwers and A. Van Proeyen, Nucl. Phys. B255 (1985) 569. 

L. Castellani, R. D' Auria and S. Ferrara, Phys. Lett. B241 (1990) 57; Cl.Q. Grav. 

7 (1990) 1767, 

R. D'Auria, S. Ferrara and P. Ere, Nucl. Phys. B359 (1991) 705. 

B. de Wit, A. Tollsten and H. Nicolai, preprint CERN-TH.6612/92; THU-92/18. 

S. Ishihara, J. Diff. Geom. 9 (1974) 483. 

S. Ferrara and S. Sabharwal, Nucl. Phys. B332 (1990) 317. 

E. Cremmer and A. Van Proeyen, Class. Quantum Grav. 2 (1985) 445. 

M.F. Atiyah, R. Bott and A. Shapiro, Topology 3, Sup. 1 (1964) 3. 

S. Helgason, Differential geometry, Lie groups, and Symmetric Spaces, Academic 
Press, 1978, pp. 259-261. 

P. Ere and P. Soriani, Nucl. Phys. B371 (1992) 659. 

M. Villasante, Phys. Rev. D45 (1992) 1831; preprint UCLA/91/TEP/37. 



47 



